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54.(a) fQ)=x*—a*—x
=2’ -d2
=4-24°

(b) f(2)=4-2x"

=4-2(2)
=4-8=—4

(¢) For x #2,fis continuous. For x =2, we have
lim f(x)= lim f(x)= f(2)=—-4 aslongas a=12.
x—2" x—2"

x3

55.(a) g(x) = — =X
X

f) X =2x"+1 1

b
( )g(x) X243 X

_x3—2x2+1

x*+3x

Chapter 3
Derivatives

Section 3.1 Derivative of a Function
(pp. 99-108)

Exploration 1 Reading the Graphs
1. The graph in Figure 3.3b represents the rate of change of
the depth of the water in the ditch with respect to time.

Since y is measured in inches and x is measured in days, the

dy

derivative I would be measured in inches per day. Those

X

are the units that should be used along the y-axis in Figure

3.3b.

2. The water in the ditch is 1 inch deep at the start of the first

day and rising rapidly. It continues to rise, at a gradually
decreasing rate, until the end of the second day, when it

achieves a maximum depth of 5 inches. During days 3, 4, 5,
and 6, the water level goes down, until it reaches a depth of
1 inch at the end of day 6. During the seventh day it rises

again, almost to a depth of 2 inches.

3. The weather appears to have been wettest at the beginning
of day 1 (when the water level was rising fastest) and driest
at the end of day 4 (when the water level was declining the

fastest).

4. The highest point on the graph of the derivative shows

where the water is rising the fastest, while the lowest point
(most negative) on the graph of the derivative shows where

the water is declining the fastest.

5.

6.

The y-coordinate of point C gives the maximum depth of
the water level in the ditch over the 7-day period, while the
x-coordinate of C gives the time during the 7-day period
that the maximum depth occurred. The derivative of the
function changes sign from positive to negative at C’,
indicating that this is when the water level stops rising

and begins falling.

Water continues to run down sides of hills and through
underground streams long after the rain has stopped falling.
Depending on how much high ground is located near the
ditch, water from the first day’s rain could still be flowing
into the ditch several days later. Engineers responsible for
flood control of major rivers must take this into consideration
when they predict when floodwaters will “crest,” and at
what levels.

Quick Review 3.1

1.

. lim =
x4 [y —2 x4

2 _ 2y _
i @I =4 L (G dhth®) -4

h—0 4 h—0 h
=lim4+h
h—0
=4+0=4
. x+3 243 5
lim —=——-=—
=2t 2 2 2
.SinceM:—lfory<0,limM:—l.
y y=0"y

2x-8 . 2Wx+2)(Wx-2)
= lim
Jx-2

= lim 2x +2)=2(/4+2)=8

. The vertex of the parabola is at (0, 1). The slope of the line

through (0, 1) and another point (h, A*+ 1) on the parabola
(P +D)-1
is————
h-0
tangent to the parabola at its vertex is 0.

= h. Since lim & = 0, the slope of the line
h—0

. Use the graph of fin the window [—6, 6] by [—4, 4] to find

that (0, 2) is the coordinate of the high point and (2, -2) is
the coordinate of the low point. Therefore, f is increasing
on (—oo, 0] and [2, o).

. lim f(x)=lim (x-D)>=1-1)>=0
x—It x—-l1t

lim f(x)= lim (x+2)=1+2=3
x—1~ x—1~

. i I+h)=1li =0
Jlim, = lim, f

. No, the two one-sided limits are different (see Exercise 7).

10.

No, fis discontinuous at x = 1 because lim f(x) does not exist.
x—1
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Sec::;on 3.1 EX?CI(:IE:)S_ o 6. Fla)= hin f (x;: i‘ (a)
1. = f(x)= lim 2222200 . ,
dx h—0 h lim & +4-a" -4
=lim ——
= lim L1 xoa x-a
>0 x+h x tim x> —ad?
h " s xX—a
= lim 2_h 1 =)l(1ir; x+a=2a
h=0 x* +hx h 21)=2
Tho0 Chahix ho0 2% 4 h o f@) - f(@)
I S B | @l
2@ 4 —lim Jx+1-—+a+l
d . x+h)— f(x x—a xX—a
2 Ef(x)zg(l) A 2 f(x) . h
5 5 =a x—a(xx+1++a+1)
lim (x+h) " +4-(x"+4) 1 1
= = lim =
i h e 2fatrl 23+1
= lim = = lim 2x+h = 2x _1
h—0 h h—0 2
2(l)=2
, . f) - fa)
_ 8. f/(a)=1lim -1
3. L )= fim LEFD S fHa)y=lim ==
dx 0 h . 2x43-(2a+3)
. 3—(x+h)?-(B-x%) =lim —————
T 0 h —lim 2x—2a_2
= lim 7_2)‘};_ L ra X-—a
h—0
= lim —2x—h=-2x 9. f/(x)= lim S+ h) = f(x)
}HZO( =2 h=0 h
- gy B =12]-Gx-12)
_f o0 h
4 if(x)zlim fx+h)—fx) h> w
dx h—0 h =lim —=1im 3=3

. (xR ()= (P +x) h=0 h k=0
= lim

=0 h dy . y(x+h)—y(x)
i 3x2h+3xh2 + B +h 10. E‘%L“é B
. h — i T(x+h)—Tx
= lim 3x? +3xh+h* +1 = lim 75
—0
=3x2 +1 =limE=lim7=7
3(0)2+]:1 h—0 h  h—>0
2
. Let =
5. f(a) = lim L2/ u L; fy=x )
e — (= f(x)= limM
11 dx h—0 h
=lm e . (x+h)2—x2
x—>a X a4 :hmT
X—a h—0
2 22
ol i X2
xX—a ax XxX—a 0 h
1 1 =1lim 2x+h) =2x
=lim ——=-— h—0
x—a  ax a’
1 1
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4 SR )
12 /0 =im h

3(x+h)? —3x2

= lim

h—0 h

. 3x? +6xh+h*-3x>

= lim

h—=0 h

2

= limw= lim 6x+h=6x

h—0 h h—0

13. The graph of y =f; (x) is decreasing for x < 0 and increasing
for x > 0, so its derivative is negative for x < 0 and positive
for x> 0. (b)

14. The graph of y =f, (x) is always increasing, so its derivative
is always > 0. (a)

15. The graph of y =f; (x) oscillates between increasing and
decreasing, so its derivative oscillates between positive and
negative. (d)

16. The graph of y =f, (x) is decreasing, then increasing, then
decreasing, and then increasing, so its derivative is negative,
then positive, then negative, and then positive. (c)

17. (a) The tangent line has slope 5 and passes through (2, 3).
y=5x-2)+3
y=5x-7

(b) The normal line has slope —é and passes through (2,3).

1
=—Lx-2+3
y 5( )
L
YIS

18, L = jig 2=

dx h—0 h
i [2(x+h)* =13(x+ k) +5]— (2x* —13x +5)
T o0 h
tim 2x% +4xh+2h* —13x —13h+5-2x* +13x =5
T o0 h
. 4xh+2h*—13h
= lim—— =~
h—0 h

=lim (4x+2h—-13)=4x-13
h—0

At x=3, ? =4(3)—-13=—1, so the tangent line has
X

slope —1 and passes through (3, y(3)) = (3, —16).

y=-1(x-3)-16

y=—x-13

19. Let f(x) = x°>.

£ = lim fU+m-fD

h—0 h
_ (+h? -1

= llmi
h—0 h
. 1+43h+3R2+ 1% -1

= hm—
h—0 h

=1lim G3+3h+h*)=3
h—0

(a) The tangent line has slope 3 and passes through (1, 1).
Its equationis y=3(x—1)+1,0or y=3x—-2.

(b) The normal line has slope —% and passes through (1, 1).
Its equation is y= —1(x -D+1, or y= —1x +ﬁ
q y= 3 > y= 3 3
20. Let f(x)=+4

F/(4) = lim féA+h-f@4)
h—0 h
172

N
h—0 h

. 4+h-4
=lim———
=0 h((4+1)"* +2)

. 1
= lim 2., 4
10 h(4+h)"? +2

(a) The tangent line has slope% and passes through (4, 2).

Lo 1
Its equation is y = Zx +1.

(b) The normal line has slope —4 and passes through (4, 2).
Its equation is y =—4x+18.

21. (a) The amount of daylight is increasing at the fastest rate
when the slope of the graph is largest. This occurs about
one-fourth of the way through the year, sometime
around April 1. The rate at this time is approximately

4 hours

24 days

oré hour per day.

(b) Yes, the rate of change is zero when the tangent to the
graph is horizontal. This occurs near the beginning of
the year and halfway through the year, around January 1
and July 1.

(c) Positive: January 1 through July 1
Negative: July 1 through December 31



22. The slope of the given graph is zero atx =—2 and atx = 1,
so the derivative graph includes (-2, 0) and (1, 0). The
slopes at x = — 3 and at x = 2 are about 5 and the slope at
x=-0.5 is about —2.5, so the derivative graph includes
(=3, 5), (2, 5), and (-0.5, —2.5). Connecting the points
smoothly, we obtain the graph shown.

T T T T

\J

23. (a) Using Figure 3.10a, the number of rabbits is largest after
40 days and smallest from about 130 to 200 days. Using
Figure 3.10b, the derivative is 0 at these times.

(b) Using Figure 3.10b, the derivative is largest after
20 days and smallest after about 63 days. Using
Figure 3.10a, there were 1700 and about 1300 rabbits,
respectively, at these times.

24. Since the graph of y = x In x — x is decreasing for O < x < 1
and increasing for x > 1, its derivative is negative for
0 <x < 1 and positive for x > 1. The only one of the given
functions with this property is y = In x. Note also that y = In
x is undefined for x < 0, which further agrees with the given
graph. (ii)

25. Each of the functions y =sinx, y=x, y= \/; has the
property that y(0) = 0 but the graph has nonzero slope
(or undefined slope) at x = 0, so none of these functions
can be its own derivative. The function y = x” is not its own
derivative because y(1) =1 but

(1+h)?-12 . 2h+h?

=0 h

y'(1) = lim
h—0
=1limQ2+h)=2.

h—0

This leaves only e, which can plausibly be its own
derivative because both the function value and the slope
increase from very small positive values to very large
values as we move from left to right along the graph. (iv)

2— 1
26. (a) The slope fromx=—-4tox=0is 0 =—.
0—(-4) 2
. —2-2
The slope fromx=0tox=11is 1-0 =—4.
The slope fromx=1tox=41is %:0.
The slope fromx=4tox=06is 26_(_42) =2.

Note that the derivative is undefined at x=0, x= 1, and
x =4, (The function is differentiable at x = —4 and at
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x = 6 because these are endpoints of the domain and
the one-sided derivatives exist.) The graph of the
derivative is shown.

¥y

(SR ]
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. mr——
-5-4-32 1|
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=3

-4

-5

—
[N =
w
0
L =
o |
<

(b)x=0,1,4

27. For x > —1, the graph of y = f(x) must lie on a line of
slope —2 that passes through (0, —1): y = —2x — 1. Then
y(=1)=-2(-1) -1 =1, so for x < —1, the graph of
vy =f(x) must lie on a line of slope 1 that passes
through (-1, I): y=1(x+ 1)+ lory=x+2.

x+2, x<-1
Thus f(x) = {—Zx—l >

28. Y
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29.
Midpoint of Ay
Interval (x) Slope Ax
0.5 33-0_33
1-0
1.5 133233 100
2-1
25 29.9-133 _ 16.6
3-2
15 532-29.9 -233
4-3
45 83.2-53.2 ~30.0
5-4
55 119.8-83.2 —136.6
6-5
6.5 163.0-119.8 —439
7-6
75 212.9-163.0 —499
8-7
269.5-212.9
———=56.6
8.5 0-_8
9.5 332.7-269.5 — 632
10-9
A graph of the derivative data is shown.

[0,10] by [-10,80]

(a) The derivative represents the speed of the skier.

(b) Since the distances are given in feet and the times are
g
given in seconds, the units are feet per second.

(c) The graph appears to be approximately linear and passes
through (0, 0) and (9.5, 63.2), so the slope is

632-0
95-0

approximately D = 6.65¢.

30. (a)

[—0.5, 4] by [700, 1700]

=~6.65. The equation of the derivative is

(b)

(f) Look for the lowest point on the graph. This is where
the elevation is dropping most rapidly, and therefore the

[0, 3.24] by [—800, 100]
are feet per mile.

& are feet per mile.
dx

Midpoint of Ay
Interval (x) Slope Ax
0.00+0.56 1512 -1577
—=0.28 ——=-116.07
0.56-0.00
0.56+0.92 1448 - 1512
=074 | —————=-177.78
0.92-0.56
0.92+1.19 1384 — 1448
— =1.055 ———=-237.04
1.19-0.92
1.19+1.30 13191384
——=1.245 —=-590.91
1.30-1.19
1.30+1.39 1255-1319
——=1.345 —=-711.11
1.39-1.30
1.39+1.57 1191-1255
— =148 ——=-355.56
1.57-1.39
1.57+1.74 1126 -1191
——=1.655 —=-382.35
1.74-1.57
1.74+1.98 1062 -1126
— =186 ——— = —266.67
2 1.98-1.74
1.98+2.18 998 —1062
—=2.08 —— =-320.00
2.18—1.98
2.18+2.41 33-998
—=12295 79 i ~-282.61
241-2.18
241+2.64 869 —-933
——=12.525 —=-278.26
2.64—-241
2.64+3.24 805-869
— =294 — = —106.67
3.24-2.64
A graph of the derivative data is shown.
LI L]
- L
"
L
L

(c) Since the elevation y is given in feet and the distance
x down river is given in miles, the units of the gradiant

(d) Since the elevation y is given in feet and the distance

x downriver is given in miles, the units of the distance

(e) Look for the steepest part of the curve. This is where the
elevation is dropping most rapidly, and therefore the

most likely location for significant “rapids.”

most likely location for significant “rapids.”




f(1+h) f@

3L fx)=
.30+ h) -2-2
= lim ————
h—0t h
. 3h-1
=lim ——=-
h—0t  h

Does not exist.
32. We show that the right-hand derivative at 1 does not exist.
_ 3
i SAFR=FO) 30+~ (D)

1
h—0t h hi>0+ h
—tim 253 i [ 243 )=
=0t  h h—0t\ h
33. SINCKD

COSCH)

N

[-m, m] by [-1.5, 1.5]
The cosine function could be the derivative of the sine
function. The values of the cosine are positive where the
sine is increasing, zero where the sine has horizontal
tangents, and negative where sine is decreasing.
f(0+h) fO o Nr=No . Jn

= lim = lim
;Ho+ h—0t h h—0t h

34.

= lim

o0+ \/_

Thus, the right-hand derivative at 0 does not exist.

35. Two parabolas are parallel if they have the same derivative
at every value of x. This means that their tangent lines are
parallel at each value of x.

Two such parabolas are given by y = and y = > + 4.
They are graphed below.

\/

[—4, 4] by [-5, 20]
The parabolas are “everywhere equidistant,” as long as
the distance between them is always measured along
a vertical line.

36. True. f'(x) =2x + 1

]

37. False. Let f(x) = ‘ ‘ . The left hand derivative at x =0 is —1

and the right hand derivative at x=01is 1. f"(0) does not
exist.
. 4—3(x+h)—(4+3x)
= lim
h—0 h
= lim =3h =-3
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J‘(X+h) f(x)

39. A.
f'x)= p
 1-3(x+h)?=(1-3x%)
=1lim
h—0 h
Pty
im0 i 6x e h=—6x
h—0 h h—0
—6(l)=~—
40.B. lim O-1+h)>=(0-1)
h—0~ h
2
h%()_ h T 0
41.C. lim 20+h-D-2AO)-D
h—0t h
= lim z—h =2
h—0t h
2@ [/ =Jim TS0
_ 2
— fim (x+h) x2 — fim 2xh+h
h—0 h h—0 h
=lim(2x+h)=2x
h—0
®) f/(x)= lim fGx+h)—f(x)
—0 h
i 2EE =2 oy
h—0 h h—0

(¢) lim f’(x)= lim 2x=2(1)=2
x—1~ x—1-

(d) lim f’(x)=lim 2=2
x—l1t x—1t

(e) Yes, the one-sided limits exist and are the same, so
lim f'(x)=2.
x—1

fA+m—fO) _ L A+h)* -1

f) li
® hﬁ%l— h h—0~ h
2
= tim 2 i @4y =2
h—0- h h—0~
_ 12
@ lim f+h) f(l)= im 20+ h)—1
h—0t h h—0~ h
= tim 2 i (1+2)=—
—0- h —0-\ h

The right-hand derivative does not exist.
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42. Continued

(h) It does not exist because the right-hand derivative does
not exist.

43. The y-intercept of the derivative is b —a.

44. Since the function must be continuous at x = 1, we have
lim Bx+k)=f()=1s03+k=1, or k=-2.
x—1t

3
This gives f(x)= {;“x’_ ) . i i
Now we confirm that f(x) is differentiable at x = 1.
_ 313
i FAED=FD _ (AR —()

lim
h—0~ h h—0— h
_ 3h+3h*+h°
=lim——
h—0 h

=1limGB+3h+h*)=3
h—0

3
fim SAD-fO L B+ =21- )]

h—0t h h—0t h
= im AL g
h—0t h h—0t

Since the right-hand derivative equals the left-hand
derivative at x = 1, the derivative exists (and is equal to 3)
when k =-2.

45.(a) 1. 364 . 363 =0.992
365 365
365P 3
Alternate method: 3= 0.992
365°

(b) Using the answer to part (a), the probability is about
1-0.992 =0.008.

(c) Let P represent the answer to part (b), P = 0.008. Then
the probability that three people all have different
birthdays is 1 — P. Adding a fourth person, the
probability that all have different birthdays is

2
a- P)(igj), so the probability of a shared birthday is

362

1-(1 P)(365J =0.016.

(d) No. Clearly February 29 is a much less likely birth date.
Furthermore, census data do not support the assumption
that the other 365 birth dates are equally likely. However,
this simplifying assumption may still give us some
insight into this problem even if the calculated
probabilities aren’t completely accurate.

Section 3.2 Differentiability (pp. 109-115)

Exploration1 Zooming in to “See”
Differentiability
1. Zooming in on the graph of f at the point (0, 1) always
produces a graph exactly like the one shown below,

provided that a square window is used. The corner shows
no sign of straightening out.

[-0.25, 0.25] by [0.836, 1.164]

2. Zooming in on the graph of g at the point (0, 1) begins to
reveal a smooth turning point. This graph shows the result
of three zooms, each by a factor of 4 horizontally and
vertically, starting with the window.

[—4, 4] by [-1.624, 3.624].

[-0.0625, 0.0625] by [0.959, 1.041]

3. On our grapher, the graph became horizontal after 8§ zooms.
Results can vary on different machines.

4. As we zoom in on the graphs of fand g together, the
differentiable function gradually straightens out to resemble
its tangent line, while the nondifferentiable function
stubbornly retains its same shape.

[-0.03125, 0.03125] by [0.9795, 1.0205]

Exploration 2 Looking at the Symmetric
Difference Quotient Analytically

FU0+h)— £(10) _ (10.01)* -10?
h 001

£/(10)=210=20

The difference quotient is 0.01 away from f’(10).

=20.01

fQA0+h) — fA0—h) _ (10.01)* — (9.99)* _

2. 20
2h 0.02
The symmetric difference quotient exactly equals f'(10).
3103
3, f(10+h) f(lO)= (10.01)" -10 —300.3001.

h 0.01
F£/(10)=3 « 10% =300
The difference quotient is 0.3001 away from f’(10).
FU0+h)— f10-h) _ (10.01)° —(9.99)°

2h 0.02
symmetric difference quotient is 0.0001 away from f'(10).

=300.0001. The



Quick Review 3.2
1. Yes
2. No (The f (h) term in the numerator is incorrect.)
3. Yes 4. Yes
5. No (The denominator for this expression should be 24).
6. All reals
7. [0, o) 8. [3, =)

9. The equation is equivalent to y = 3.2x+ (3.2 + 5), so the
slope is 3.2.

1o, F3+0.00D) - f(3-0.001) _ 5(3+0.001)~5(3~0.001)
0.002 0.002
~5(0.002)
T 0002

Section 3.2 Exercises
1. Left-hand derivative:

2 —
f(0+h) SO _ o =0
;Ho— h—0= h h—0~
Right-hand derlvatlve
f(0+h) fO _ o h=0_
;Ho+ -0t h h—0*
Since 0 # 1, the function is not differentiable at the point P.

2. Left-hand derivative:
f(1+h) AU = lim 2_2= lim 0=0
;Ho— =0~ h h—0~
Right-hand derlvatlve
f(1+h) fa - lim 2(1+h)—2: lim 2 =2
;Ho+ h—0t h h—0*
Since 0 # 2, the function is not differentiable at the point P.

3. Left-hand derivative:

f(1+h) O _ i \/1+ -1

heO— h—0~

(\/l+ -DWI+h+1)
’HO‘ h(N1+h+1)

C(+h)-1

— lim
h—0~ h(\/l +h+ 1)

= llmi -

h=0"I+h+1 2

Right-hand derivative:
f(1+h) fa - im [2(1+ k) -1] -

;H0+ h—0+ h

Since %;t 2, the function is not differentiable at the point P.

4. Left-hand derivative:

f(1+h) FO _ iy T 12y
;Ho— h—0~ h h—0~

5.

6.

7.

8.

9.

10.

11.

Section 3.2

Right-hand derivative:
1
o SO =FO)
h—0* h =0t h
1-(1+h)
= lim ——=
h—0t h(1+h)

= lim ———
h—0t h(1+ h)
1

=lim-———=-1
=0t 1+ h

93

Since 1# —1, the function is not differentiable at the point P.

(a) All points in [-3, 2]

(b) None

(¢) None

(a) All points in [-2, 3]

(b) None

(¢) None

(a) All points in [-3, 3] except x =0

(b) None

©x=0

(a) All points in [-2, 3] exceptx =—1, 0, 2
(b)x=-1

(©)x=0,x=2

(a) All points in [-1, 2] except x =0
(b)x=0

(¢) None

(a) All points in [-3, 3] except x =-2, 2
b)x=-2,x=2

(¢) None

Since lim tan' x=tan ' 0=0# ¥(0), the problem is

x—0

a discontinuity.

_ 415
20y _ L h

12. i = lim —-=—o0
h—0~ h h—0~ h 0" p13
L YOy 1
;H0+ h }Ho+ = P

13.

The problem is a cusp.

Note that y=x+\/x_2+2=x+‘x‘+2

_ 2, x<0
T )2x+2, x>0.

i YO =y(©) _ 22

=1lim 0=0
h—0~ h h—0~ h h—0~
m y(0+h)—y(0)= lim h+2)-2 - fim 2=2
h—0% h h—0t h T oot

The problem is a corner.
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14.

15.

16.

17.

18.

19.

20. li

21.

lim yO+h)—y0) _ lim G-
h—0 h h—0

o\ p23 )

The problem is a vertical tangent.

= lim——
=0 h

Iny-3 In
h

S5x—1,
x—1,

x<0

Notethaty=3x—2‘x‘—1:{ >0

i YOED =3O _ o Gh=D=(D _
h—0~ h h—0~ h h—0~

fim YO =y©) _ . (=D=CD_ L
h—0* h h—0* h h—0t
The problem is a corner.

lim y(O+m)—y(0) _ lim
h—0~ h h—0~ h

Caso\ p23 )

o Y0+ =y _
h—0% h =0t h
1

= ]_lm ——— = 00
h—0t 213

-0 lim ]

B =0~ h

)
= lim
=0t h

The problem is a cusp.

i @t W~ fla=h)

h—0 2h

_4(0.001) - (0.001)* = (4(—0.001) — (=0.001)%)

0.002
=4, yes it is differentiable.

i @t W= fla=h)
h—0 2h
_ 4(3.001)— (3.001)2 —(4(2.999) - (2.999)2

0.002
=-2, yes it is differentiable.

lim fla+h)— f(a—h)
h—0 2h
_41.00n+0 .001)% = 4(0.999) — (0.99)>

0.002
=2, yes it is differentiable.

i @t W~ fla=h)
h—0 2h
_ (0.001)3 —4(0.001)—((—0‘001)3 —4(-0.001))

0.002
=-3.999999, yes it is differentiable.

lim fla+h)—fa—h)
h—0 2h
_ (-1 .999)3 —4(-1.999) — ((—2.001)3 —4(-2.001))

0.002
=8.000001, yes it is differentiable.

22,

23.

24.

25.

26.

27.

28.

29.

i L@+ = fa=h)
h—0

_ (2.001)* = 4(2.001) - ((1.999)° — 4(1.999))

0.002
=-8.000001, yes it is differentiable.

i L@+ = fa=h)

h—0 2h
~_(0.001)* —(=0.001)*"
0.002

=0, no it is not differentiable.

i @t W)~ fla=h)
h—0 2h
_ 3.001-3-(2.999-3)

0.002
=0, no it is not differentiable.

i L@+ W)= fla=h)
h—0 2h
_ (0.001)*° = (=0.001)*"

0.002
=0, no it is not differentiable.

i L@+ W)= fla=h)
h—0
_ (0.001)*3 —(=0.001)*3

0.002
=0, no it is not differentiable.

ANA

VIRV

[-2m, 2xt] by [-1.5, 1.5]
ﬂ =sinx
[—5, 51 by [—10, 10]

dx
dy_ s
dx

[—6. 6] by [-4, 4]

ﬂ =abs (x) or ‘x‘
x



30.

31.

32.

33.

34.

35.

J )
[

[-2m, 2w] by [-4, 4]
ﬂ =tanx
dx
Note: Due to the way NDER is defined, the graph of
y=NDER (x) actually has two asymptotes for each

asymptote of y = tan x. The asymptotes of

y=NDER (x) occur at x = §+ kr £0.001, where k is an

integer. A good window for viewing this behavior is
[1.566, 1.576] by [-1000, 1000].

Find the zeros of the denominator.
x*—4x-5=0
(x+1D)(x-5=0
x=—lorx=5

The function is a rational function, so it is differentiabe for
all x in its domain: all reals except x=—1, 5.

The function is differentiable except possibly where
3x—6=0, that is, at x = 2. We check for differentiability at
x =2, using k instead of the usual 4, in order to avoid
confusion with the function A(x).

h(2+k)—h(2) — lim [\3/3(2+k) 6+5]-5

lim

k—0 k—0

=1 lim
kl—I>I(1) k \/—k 0 k2/3

The function has a vertical tangent at x =2. Itis
differentiable for all reals except x = 2.

Note that the sine function is odd, so

P(x)=sin (M)_lz {;rsll;l)_cl—,l, i;g

The graph of P(x) has a corner at x = 0. The function is
differentiable for all reals except x = 0.

Since the cosine function is even, so Q(x)= 3cos(‘x‘)
=3cosx. The function is differentiable for all reals.

The function is piecewise-defined in terms of polynomials,
so it is differentiable everywhere except possibly at x =0
and at x =3.Checkx=0:

o 80+M=g(0) _ (h+1)> =1 _ h* +2h
[N h T o0~ h Ths0-  h
= lim (h+2)=2

h—0"

m g(0+h)— g(O)= (2h+1)—1= lim 2=2
h—0% h h—0t h h—0t

The function is differentiable at x = 0.
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Check x=3:
Since g(3)= (4 —3)*=1 and

lim g(x)= lim (2x+1)=2(3)+1="7, the function is not
x—3" x—3"

continuous (and hence not differentiable) at x = 3. The
function is differentiable for all reals except x = 3.

42
36. Note that C(x)=x[x|={ >+ * <0 o itis differentiable
x°, x>0
for all x except possibly at x =0.
Check x=0:
- h|h|-0
fim CO+D=CO) _ . hlH|=0 _ fim | = 0
h—0 h =0 h h—0

The function is differentiable for all reals.

37. The function f(x) does not have the intermediate value
property. Choose some a in (-1, 0) and b in (0, 1). Then
f(a)=0and f(b) = 1, but f does not take on any value
between 0 and 1. Therefore, by the Intermediate Value
Theorem for Derivatives, f cannot be the derivative of any
function on [-1, 1].

38. (a) x =0 1is not in their domains, or, they are both
discontinuous at x = 0.

(b) For — NDER( 0) =1,000,000
x

1
For 5

NDER(I2 0) =0
X

X

(c) It returns an incorrect response because even though
these functions are not defined at x = 0, they are defined
at x ==£0.001. The responses differ from each other

1
because —- is even (which automatically makes NDER
X

1
(2, 0J=0) and 1 is odd.
X X

39.@  lim f(x)= (1)
x—
lim 3—x) = a())* + b(1)
x—1"
2=a+b
The relationship isa + b =2.
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39. Continued

(b) Since the function needs to be continuous, we may
assume thata +b =2 and f(1) = 2.
lim fa+h)—-fO - lim 3—(1+h)-2
h—0~ h h—0~ h
= lim (-1)=-1
h—0~

a(l+h)? +b(1+h)-2

o SAED=FO

h—0t h h—0~ h
. a+2ah+ah® +b+bh—2
- h—0~ h
. 2ah+ah®>+bh+(a+b-2)

= lim

h—0~ h
= lim 2a+ah+b)

h—0~
=2a+b

Therefore, 2a + b =—1. Substituting 2 — a for b gives
2a+(2—-a)=-1,s0a=-3.
Then b=2-a=2-(-3)=5. The values are
a=-3and b =5.

40. True. See Theorem 1.

41. False. The function f(x) = |x| is continuous at x = 0 but is
not differentiable at x = 0.

42.B.

43. A. Hmw
h—0 2h
_1.001-1 - 3/0.999-1
- 0.002

fm=1-1=0

44.B. lim 200+ h)+1-(2(0)+1)
h—0~ h

= lim2—=2
h—0 h

2 2
lim O+h)"+1-(0"+D
h—0 h

45.C.

46. (a)

[-4.7,47] by [-3.1,3.1]

(b) You can use Trace to help see that the value of Y1 is 1
for every x < 0 and is O for every x = 0. It appears to be

0, x<0
the graph of f(x)—{h >0.

(c)

[-4.7,4.7] by [-3.1,3.1]

(d) You can use Trace to help see that the value of Y1 is 0
for every x < 0 and is 1 for every x > 0. It appears to be

the graph of f(x)= {

47. (a) \

[-4.7, 4.7 by [-3, 5]

0, x<0
1, x20.

(b) See exersize 46.

(o)

[-4.7,4.7 by [-3, 5]

(d) NDER (Y1, x, —0.1) = 0.1, NDER(Y1, x, 0) = 0.9995,
NDER (Y1, x, 0.1) = 2.

1
48. (a) Note that —x < sinl < x, for all x, so lim (x sin) =0
X x—0 X

by the Sandwich Theorem. Therefore, fis continuous at
x=0.

hsin L 0
fO+m-fO _""p ~_ 1

® - h h h

.. . ! .
(¢) The limit does not exist because sz oscillates between

—1 and 1 an infinite number of times arbitrarily close to
h =0 (that is, for / in any open interval containing 0).

(d) No, because the limit in part (c) does not exist.

h? sin(lJ—O
o 80+M=80) _ h
h h

As noted in part (a), the limit of this as
x approaches zero is 0, so g’(0)=0.

(

= hsin—
h

Section 3.3 Rules for Differentiation
(pp. 116-126)

Quick Review 3.3
L (=20 +)=xi +x e 1-2x7' =20 1

=x+x?-2x"'-2



-1 2 2
+1
2 ( 2x ] :x :—+—:x+x_l
x“+1 X X X
2
3 30— 202 232 oy 452
X xz
32 +4 3t 2 4
44— =52t
2x 2x 2x 2x

3
=2 x+2x7
2

5. 7 42D = xR T e 1420 420 1
=x +x 227 +2
1, -2
+
6. - T _ S+ x ) =x+x

3

7. \' /
N

El%rauary_veo

[0, 5] by [-6, 6]

At x=1.173, 500x°® =1305.

At x =2.394, 500x° ~94,212.
After rounding, we have:

At x =1, 500x° =1305.
At x=2, 500x° =94,212.

8.(a) £(10)=7
(b) £(0)=7
© flx+h)=7

fO-f@) _ . 7

a

lim _7=1im0=0

x—=aX—d xX—a

(d) lim

xX—a X —

9. These are all constant functions, so the graph of each
function is a horizontal line and the derivative of each
function is 0.

Xth_x
10.@) /(0= lim LETN=S@ o Tw w
h—0 h h—0 h
. x+h-x . 1 1
=lim———=1lim—=—
=0  Th =0T T
T T
(b) f/(x)= lim JOaAm=f() _ o x+h x
h—0 h h—0 h
mx-nw(x+h) —rth
=0  hx(x+h) h—0 hx(x + h)
. T )
= lim- =——=—-7TX
-0 x(x+h) xz
Section 3.3 Exercises
LD _d oy g hii0=on
dx dx dx

WAl d e
dx dx\ 3 dx

10.

11.

12.

13.

- dx
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D g y=240=2
dx dx dx
@=i(x2)+i(x)+i(l)=2x+1+0=2x+1
dx dx dx dx

ﬂ:i 1)(3 +i lxz +i(x)
«dx  dx\3 dx\ 2 dx

=x’+x+1
dy d d d , d ;
723(1)_5(”-’-5()6 )—E(X )
=0-1+2x—3x% =—1+2x—3x?
dy d
dx  dx
=3x>—4x+1=0
1
ng,
dy d
dx  dx

=3x-8x+1=0
4-13 4+413

37 3

~0.131, 2.535

P =2xr+x+1)

1

3 =4x?+x+2)

or

dy _d
dx dx
=4x>-8x=0

x=0, i\/z

ﬂzimﬁ—(mz—l)
dx dx
=12x2-12x=0
x=0,1

x*—4x*+1

ﬂzi(sﬁ—z.x*)
dx dx
=15x>-15x* =0
x=-1,0,1
ﬂ=i(x4—7x3+2x2+15)
dx dx
=4x°-21x% +4x=0

0 21-+/377
’ 8

=5.052

21++377
8

=~(.198,
dy_d 2

(a) o [(x+D(x"+D]
_ d . 5 2, n 4
—(x+1)dx(x +1D)+(x +1)dx(x+1)

=(x+D)Q20)+EE+D) )
=2x2+2x+ x> +1
=3x2+2x+1
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13

14

15.

16.

17.

18.

19.

20.

21

2
.(a)dy:d[x +3]

. Continued

b_d 2
(B) o=+ D&+

:di(x3+x2+x+l)
x

=3x>+2x+1

dx dx X
—(x"+3)—-(x"+3)—
:xdx(x )—(x )dx(x)

x2
_ x(2x)— (x> +3)
e

X
_x2—3
x2
2
by Do) a3y
dx dx X dx
3
=1-=
X

This is equivalent to the answer in part (a).
()c3 +x+ 1)(x4 22+ 1)
j—x(x7 +2x° +xt 42 + 42 +x+1)
=7x%+10x* +4x° +6x> +2x +1
(+ D +1)
j—x(xs +x3+x2 +1)
=5x* +3x% +2x

dy d 2x+5_(3x—2)(2)—(2x+5)(3)=_ 19

dx  dx3x-2 (Gx—2)2 (3x-2)°
2

ﬂ:i LSX] :i(l+5x_l—x_2)

dx dx x2 dx

5 2
_ 253
—O—SX +2X ——7"1‘*3

X X"
dy _d[(x=-De’+x+D))_ d[x-1
dx dx x3 dx x3
:i(l—x‘3)=0+3x“‘=i
dx x4

dy_d( 1-x )_(1+x2)(—1)—(1—x)(2x)
dx dx\1+x%) (1+x2)>
_x2—2x—1

T (1+x?)?

dy d[ X ]: (- x)(2x)—x>(=3x%)  x*+2x

Cdx o del1-x° (1-x°)

-2

22,

T dx

dy:d((x+l)(x+2))_ d | x*+3x+2
dx dx\ (x—1)(x-2) x2=3x+2

_ (X2 =3x+2)2x+3)— (x> +3x+2)(2x - 3)
(x2 —3x+ 2)2

_(2x=3x7 = 5x+6)— (2x” +3x% —5x—6)
(x? =3x+2)?

o 12-6x°
(x2 —3x+2)2

23.(a) Atx =0, di(uv) =u(0W’(0) +v(0) u’(0)
X
=)+ (D(=3)=13

(b) Atx=0, d(u): YO)u'0) ~ (0w ()
dx\v [v(0)]

_EDE)-G2)

-7
(1)

d
Atx=0, —
© Atx dx(u

v) _ u(0)'(0)—v(0)u'(0)
[u(O)
_OQ)-E=DE3) T

(5)% 25
(d) Atx=0, di (Tv —2u) = Tv'(0) — 2u’(0)
X
=7(2)-2(-3)=20
2. (@) Atx=2, di () = u2W(2)+ Vu'(2)
X
=3)2)+DH(-H=2

u) _v@Qu'(2)-uy' (2)
@y

d
b) Atx=2, —
() Atx dx(v

_ (-2 _
?
d (v) _u2V'2)—v2u'(2)

Atx=2, L
@ A= @)

_B®@) -4 _ 10

3 9

-10

(d) Use the result from part (a) for di(uv).
X

Atx =2, i(3Lt—2v+2uv)
dx

=3u'(2)-2v'(2)+ Zi (uv)
dx
=3(-4)-2(2)+2(2)
=-12
25. y'(x)=2x+5
y(3)=23)+5=11
The slope is 11. (iii)



. Lo . 3
26. The given equation is equivalent to y = —x +6, so the slope

3.
182.(111)
3
a7, & _dfxtl
dx dx\| 2x
C(BxP)2x-2(x +1)
4x2
_4x =2
4x?
LoAP-2 1
y()= =—
417 2
> +1
yy=1
2(1)

1 1 1
=—(x-D+l=—x+—
y 2(x ) xts

2
4
28. dy d [x +2]

dx  dx| 2
_(@x)a? —2x(x* +2)

x4

2x* -4
==
2(-1)* -4
yen=20 2,
=D

y=2(x+1)+3
y=2x+5

29, D _ i(4)(2 —8x+1)
dx dx
=-8x7-8
—4 -3 -2
30, oAl X X i
4 3 2
=—x O x x4 a2
dy _d \x-1 1

dedrJx+1 Ja(x+1)

. P_dy ]

31.

“dx dx Jx
\/; 2532

33. y =xt+x*-2x+x-5
yI =4x* +3x2 - 2x+1

yI =12x2 +6x-2

yI =24x+6

YV =24

34.

35.

36. y

37.

38.
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y(x)=3x>-3
Y(2)=3(2)’~3=9
The tangent line has slope 9, so the perpendicular line has

slope —é and passes through (2, 3).

1
=——(x-2)+3
y 9( )
S o4
YTy
Graphical support:
T ———]
A
f AV

[-4.7,4.7] by [-2.1, 4.1]
y(x)=3x2+1
The slope is 4 when 3x*+1=4, atx =+1.The tangent at

x =—1 has slope 4 and passes through (-1, —2), so its
equation is y =4(x +1) —2, or y = 4x +2. The tangent at

x =1 has slope 4 and passes through (1, 2), so its equation is
y=4(x—1)+2, or y=4x —2. The smallest slope occurs

when 3x2 +1is minimized, so the smallest slope is 1 and
occurs at x = 0.

Graphical support:

[—4.7,4.7] by [—3.1, 3.1]
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39.

40.

41.

42,

y(x)=6x>—6x—12

= 6()c2 —-x-2)

=6(x+1)(x-2)
The tangent is parallel to the x-axis wheny” =0, atx =—1
and at x = 2. Since y(—1) =27 and y(2) = 0, the two points
where this occurs are (-1, 27) and (2, 0).
Graphical support:

N/
/

[—3, 3] by [-10, 30]
y(x)= 3x2
Y(=2)=12
The tangent line has slope 12 and passes through (-2, —8),
so its equation is y=12(x+2)—8, ory =12x +16. The

. .4 . .
x-intercept is -3 and the y-intercept is 16.

Graphical support:
/ J _/

[—3, 3] by [—20, 20]

, (x*+D(4)—4x(2x) —4x>+4
Y= 2. 1\2 T 2
(x“+D (x“+D
At the origin: y" (0) =4
The tangent is y = 4x.

At(1,2):y (1)=0
The tangent is y = 2.
Graphical support:

/
 T—
[—4.7,4.7] by [—-3.1,3.1]
, (4+x2)(0)—8(2x)
y(x)= =—

4+ x2)?

16x
(4+x?)*

1

7 2 I

Y@)=-7
The tangent has slope —% and passes through (2, 1). Its

_ 1 1
equation 1sy=—5(x—2)+1, or y=—5x+2.

Graphical support:

P

T

[—3,5]by [—2,4]

43. (a) Letf(x)=x.

44.

45.

46.

47.

48.

49.

d o [ f(x) L (x+h)—x
dx(x)—f(x)—g% N _211510 .

= limﬁ =lim()=1
h—0h h—0

(b) Note that u = u(x) is a function of x.

—u(x+h)—[—u(x)]
h
(_ u(x+h)— u(x))

d
2= =1i
dx( “) hlan(l)

= lim
h—0 h

. u(x+h)—u(x) du
=—lim———F=——
h—0 h dx

d d

d
E(“ﬂx»_c'dxf(x)Jrf(x)'dx

4 o+0=cod )

dx dx

()

=Ce

d
df 1 ) SOOI
dx\ f(x)

[f ()P [f()F
P _d ( nRT _an®
av avl|v-nb 2
d d
(V —nb)— (nRT) — (nRT)—— (V — nb)
_ av av —i(anzV_z)
- 2
(V—nb) av
_ O=nRT. ”RTZ +2anv3
(V —nb)
nRT 2an’
S
V-nb? VvV
s _ i(4.9;2) =9.8¢
dr  dr
2
d—,f 4 98n=98
dt dt

AR _d |, afC M
M~ dm 2 3

= d(C M? - 1 M3)
dM \ 2 3

=CM - M*
If the radius of a circle is changed by a very small amount
Ar, the change in the area can be thought of as a very thin
strip with length given by the circumference, 27, and
width Ar. Therefore, the change in the area can be thought
of as (27rr)(Ar), which means that the change in the area
divided by the change in the radius is just 27r.



50. If the radius of a sphere is changed by a very small amount
Ar, the change in the volume can be thought of as a very
thin layer with an area given by the surface area, 4777, and
a thickness given by Ar. Therefore, the change in the
volume can be thought of as(477%)(Ar), which means that
the change in the volume divided by the change in the
radius is just 477>

51. Let #(x) be the number of trees and y(x) be the yield per tree
x years from now. Then #0) = 156, y(0) = 12, #"(0) = 13,
and y’(0) = 1.5. The rate of increase of production is

d
E(ly) =1(0)y’(0)+ y(0)t'(0) = (156)(1.5) + (12)(13) = 390

bushels of annual production per year.

52. Let m(x) be the number of members and c(x) be the
pavillion cost x years from now. Then m(0) = 65,
¢(0) =250, m’(0) = 6, and ¢’(0) = 10. The rate of change of
d (c) _ m(0)c’(0) = c(0)m’(0)

each member’s share is — 5
x\m [m(0)]

_ (65)(10)—(250)(6) _
(65)°
member’s share of the cost is decreasing by approximately

20 cents per year.

—0.201 dollars per year. Each

53. False. 7 is a constant so di(n) =0.
x

1 . .
54. True. f'(x)= —— ls never zero, so there are no horizontal
X

tangents.
55.B. i(uv) = uﬂ+ v@
dx dx  dx
=2)D+EDHB3)
=-1

56. D. f()c)=)c—l
X

1
"xX)=1+—
JA(EY) 2

” __l
F0==7

s7.p 4+
dx\ x? -1

_ (x=1D—=(x+1

(x-1)°
-2

g
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58.B. f(x)=(x>=D(x2+1)

x==1

59. (a) It is insignificant in the limiting case and can be treated

as zero (and removed from the expression).

(b) It was “rejected” because it is incomparably smaller
than the other terms: v du and u dv.

(c) i(uv) = v%+ u@ This is equivalent to the product
dx dx dx
rule given in the text.

(d) Because dx is “infinitely small,” and this could be
thought of as dividing by zero.

@)d(u)zu+du_u
v

v+dv v

_ (u+du)(v)—w)(v+dv)

- (v+dv)(v)
uv +vdu — uv — udv

V2 +vdy
vdu — udv

V2

Quick Quiz Sections 3.1-3.3

1.D.

2. A. Since ? gives the slope:
X

-2 1
ml=7=7
-1-1 2
m2=—L=—2
my
3.0 W _ddx=3
dx dx 2x+1
_4Q2x+1)-2(4x-3)
2x-17
10
(2x—1)?

d

dy 4 2
4. —=—(x" -4
@ dx dx (x )

=4x2>-8x=0

x=0, i\/z

b x=1  y=*-401)’
y=-3
y=m(x—x)+y,
y=—4(x-1)-3

y=—4x+1
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4. Continued

1 1
C - =
©) m, m 4
1
=—(x-1)-3
y 4(x )
_fo 1,113

47 4 T 47 4

Section 3.4 Velocity and Other Rates of
Change (pp. 127-140)

Exploration 1 Growth Rings on a Tree
1. Figure 3.22 is a better model, as it shows rings of equal
area as opposed to rings of equal width. It is not likely that
a tree could sustain increased growth year after year,
although climate conditions do produce some years of
greater growth than others.

2. Rings of equal area suggest that the tree adds approximately
the same amount of wood to its girth each year. With access
to approximately the same raw materials from which to
make the wood each year, this is how most trees actually
grow.

. . . . change in area
3. Since change in area is constant, so also is gzi
b4

If we denote this latter constant by k, we have

k . Lo
——— =r, which means that r varies inversely
change in radius

as the change in the radius. In other words, the change in
radius must get smaller when r gets bigger, and vice-versa.

Exploration 2 Modeling Horizontal Motion
1. The particle reverses direction at about 7= 0.61 and
t=2.06.

T=0
l=0 =g

2. When the trace cursor is moving to the right the particle is
moving to the right, and when the cursor is moving to the
left the particle is moving to the left. Again we find the
particle reverses direction at about #=0.61 and # = 2.06.

l—————

ﬂ::'_“:::-

3. When the trace cursor is moving upward the particle is
moving to the right, and when the cursor is moving
downward the particle is moving to the left. Again we find
the same values of ¢ for when the particle reverses direction.

\|

Y

4. We can represent the velocity by graphing the parametric
equations

x, (0 =x,"(t)=121* =32 +15, y,(t) =2 (pat 1),
x5(1) = x,"(1) = 126> =32t +15, y5(1) =1 (part 2),
Xg(D =1, y5()=x,"(t) =121 =32 +15 (part 3)

[—8,20] by [-3, 5]
(x4§ );4)

 ——|

<1

[—8.20] by [—3, 5]
(xsv }’5)

\/

[—2, 5] by [—10, 20]
(x¢ yﬁ)
For (x,, y,) and (x, y;), the particle is moving to the right
when the x-coordinate of the graph (velocity) is positive,
moving to the left when the x-coordinate of the graph
(velocity) is negative, and is stopped when the
x-coordinate of the graph (velocity) is 0. For (x,, y,).the
particle is moving to the right when the y-coordinate of the
graph (velocity) is positive, moving to the left when the
y-coordinate of the graph (velocity) is negative, and is
stopped when the y-coordinate of the graph (velocity) is 0.

Exploration 3 Seeing Motion on a Graphing
Calculator
1. Let tMin = 0 and tMax = 10.

2. Since the rock achieves a maximum height of 400 feet,
set yMax to be slightly greater than 400, for example
yMax = 420.



4. The grapher proceeds with constant increments of 7 (time),
so pixels appear on the screen at regular time intervals.
When the rock is moving more slowly, the pixels appear
closer together. When the rock is moving faster, the pixels
appear farther apart. We observe faster motion when the
pixels are farther apart.

Quick Review 3.4

1. The coefficient of x2 is negative, so the parabola opens
downward.
Graphical support:

//\\

[—1, 9] by [—300, 200]

2. The y-intercept is f(0) = —256.
See the solution to Exercise 1 for graphical support.

3. The x-intercepts occur when f(x) = 0.
—16x* +160x —256=0
-16(x* =10x+16)=0
—16(x—-2)(x—8)=0
x=2o0rx=8
The x-intercepts are 2 and 8. See the solution to Exercise 1
for graphical support.

4. Since f(x)=—-16(x> —10x +16)
=—16(x* —10x+25-9) =—16(x — 5)> + 144, the range is
(—oo, 144].
See the solution to Exercise 1 for graphical support.

5. Since f(x)=—-16(x*>—10x+16)
=—16(x* —10x +25-9) =—16(x - 5)* + 144, the vertex is at
(5, 144). See the solution to Exercise 1 for graphical support.
6. f(x)=80
~16x* +160x —256 = 80
~16x% +160x-336=0
—16(x* =10x+21)=0
-16(x-3)(x-=7)=0
x=3o0rx=7
f(x)=80atx=3andatx=7.
See the solution to Exercise 1 for graphical support.
dy

7. — =100
dx

—-32x+160 =100
60 =32x

15

x=—

8

ﬂleO atng
dx 8
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Graphical support: the graph of NDER f(x) is shown.

st

T

[—1, 9] by [—200, 200]

8 Q>0
dx
-32x+160>0
-32x>-160
x<5
ﬂ >0 when x <5.
dx

See the solution to Exercise 7 for graphical support.
9. Note that f’(x)=-32x+160.
i SO =FG) _

h—0 h
For graphical support, use the graph shown in the solution
to Exercise 7 and observe that NDER (f(x), 3) = 64.

/3 =-32(3)+160 = 64

10. £'(x)=-32x+160

fr(x)=-32
At x = 7 (and, in fact, at any otherof x),
2
d—f =-32.
dx
Graphical support: the graph of NDER(NDER f(x)) is
shown.
[-1, 9] by [-40, 10]

Section 3.4 Exercises
1() V(s)=5"

dv 2
b) — =3
()ds !

© V'()=31)>=3
V/(5)=3(5?% =175

. 3
in

@ —.
in

2
2.(a) A(C)C—
4

dc _2c_c

(b)

dA  4m 2r¢
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2. Continued

4 _lz
(© A(ﬂ)—m

N | —

A’(6m) = o =3
2

.2
in

@ —.
m

B

3.(a) A(s)= Ts2

dA 3
=—3s

(b)g 5

(© A(2)= g(Z) =3

7

A(10) = 73(10) =53
.2
@ =
m
4.(a) A(r)=2r"
dA
(b) == dr

(© A()=4()=4
A'(8)=4(8) =32
)

@ =
m

5.(a) s(ft)
50

1 1 1 1 é t(sec)
(b) s’(1)=18, 5(2.5) =0, s(3.5) =—12
6.(a) s(ft)
30F
b 1 1 1 L {(sec)

| N ’

(b) s'(1)=—-6, s'(2.5) =12, 5'(3.5) =24

7. (a) We estimate the slopes at several points as follows, then

connect the points to create a smooth curve.

t (days) 0 | 10| 20 | 30 | 40 | 50

Slope
(flies/ day)

0530 |13.0| 140 | 35|05

P’ (slope)
20F

Horizontal axis: Days
Vertical axis: Flies per day

(b) Fastest: Around the 25th day
Slowest: Day 50 or day 0

8. O(t) =200(30—1)> = 200(900 — 60t + %)

= 180,000 — 12,000z + 2007

Q’(1)=-12,000 + 400z

The rate of change of the amount of water in the tank after
10 minutes is Q’(10) =—-8000 gallons per minute.

Note that Q’(10) <0, so the rate at which the water is
running out is positive. The water is running out at the rate
of 8000 gallons per minute.

The average rate for the first 10 minutes is

0(10)-Q(0) _ 80,000-180,000 _ ~10,000 gallons per
10-0 10

minute.

The water is flowing out at an average rate of 10,000

gallons per minute over the first 10 min.

9. (a) The particle moves forward when v >0, for 0 <7< 1 and

for5<t<7.

The particle moves backward when v <0, for 1 <7< 5.
The particle speeds up when v is negative and
decreasing, for 1 < ¢ < 2, and when v is positive and
increasing, for 5 < 7 <6.

The particle slows down when v is positive and
decreasing, for 0 <#< 1 and for 6 <#< 7, and when v is
negative and increasing, for 3 <7<S5.

(b) Note that the acceleration a = % is undefined at t = 2,

t=3,andt=6.

The acceleration is positive when v is increasing,
for3<r<6.

The acceleration is negative when v is decreasing, for
O0<r<2andfor6<r<7.

The acceleration is zero when v is constant, for 2 <t <3
and for 7 <¢<09.

(¢) The particle moves at its greatest speed when |v] is
maximized, at t=0 and for 2 <t < 3.



9. Continued

(d) The particle stands still for more than an instant when v
stays at zero, for 7 <1< 9.

10. (a) The particle is moving left when the graph of s has
negative slope, for 2 <7< 3 and for 5<#<6.
The particle is moving right when the graph of s has
positive slope, for0 <7< 1.
The particle is standing still when the graph of s is
horizontal, for 1 <#<2and for3<¢<5.

(b)ForO<t<1:v =?;8=2cm/sec

Speed = [v| = 2 cm/sec

Forl<t<2:v =%=00m/sec

Speed = [v| = 0 cm/sec
—2-2
For2<t<3:v =72=—4 cm/sec

Speed = [v| = 4 cm/sec
-2-(-2)

For3<t<5:v = =0 cm/sec
Speed = [v| = 0 cm/sec
For5<i<6:v =— =
Speed =|v| =2 cm/sec
Velocity graph:
v(#) (cm/sec)
4k

22—

e e

=2F L

4} o—0

Speed graph:

vl (cm/sec)

41 Cm)

-
-

|

._.
()
b
F B
g

. t(sec)
2tk

4}

11. (a) The body reverses direction when v changes sign, at
t=2andatr="7.

(b) The body is moving at a constant speed, [v| = 3 m/sec,
between t=3 and r = 6.
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(c) The speed graph is obtained by reflecting the negative
portion of the velocity graph, 2 < ¢ < 7, about the x-axis.

Speed(m/sec)
3 .
2 -

T 46§ 10 /6%

2F
3+
(d)For0<r<1: az%z?;m/secz
For 1 <1< 3: a=%=—3m/secz
For3<t<6: a:ﬂzomgscz
6-3
For6<t<8: a:wz?am/sec2
8-6
0-3

For8<1<10: a=——=-1.5 m/sec’
10-8

Acceleration (m/sec?)

3o o—o
5 (1,3) 6,3) (8,3)

3,00 (6,0
1 1 P | LA 1 1 1 1 Z‘(SCC)
2 4 6 8 10
~1+ (8,-1.5)
Oo—=e
2" (10, -1.5)
(3,-3)
3} o—o0

JO)
12. (a) It takes 135 seconds.

AF 5-0 5
b) Average speed =—=——=—
(b) Average sp At 73-0 73

= 0.068 furlongs/sec.

(c) Using a symmetric difference quotient, the horse’s
speed is approximately

AF = 4-2 = 2 = L = 0.077 furlongs/sec.
Ar 59-33 26 13
(d) The horse is running the fastest during the last furlong
(between 9th and 10th furlong markers). This furlong
takes only 11 seconds to run, which is the least amount
of time for a furlong.

(e) The horse accelerates the fastest during the first furlong
(between markers 0 and 1).

13. (a) Velocity: v(t) = % = %(m— 0.8¢%) =24 —1.6¢ m/sec

Acceleration: a(f) = v _ 1(24 —1.6t)=—1.6 m/sec?
dr dr
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13. Continued
(b) The rock reaches its highest point when
w(t)=24-1.6t=0, at r=15. It took 15 seconds.

(¢) The maximum height was s(15) = 180 meters.
@ s(t)=%(180)

24t —0.8t> =90
0=0.8t>—241+90

e 24 £+/(=24)? - 4(0.8)(90)

2(0.8)
=~ 4.393, 25.607
It took about 4.393 seconds to reach half its maximum
height.
@ s()=0
24r-0.8:* =0
0.8¢t(30-1)=0
t=0o0rr=30
The rock was aloft from 7 =0 to ¢ =30, so it was aloft for
30 seconds.
14. On Mars:

Velocity = % = %(1.8612) =3.72¢

Solving 3.72¢ = 16.6, the downward velocity reaches
16.6 m/sec after about 4.462 sec.

On Jupiter:
Velocity = s _ i(l 1.44¢%) = 22.88¢
dr dt

Solving 22.88t =16.6, the downward velocity reaches
16.6 m/sec after about 0.726 sec.

15. The rock reaches its maximum height when the velocity
§'(1)=24-9.8t =0, at t = 2.449. Its maximum height is
about 5(2.449) = 29.388 meters.

16. Moon:
s(t)=0
8321—2.6t> =0
2.61(320—1)=0
t=0ort =320
It takes 320 seconds to return.
Earth:
s(t)=0
832t —161> =0
161(52—-1) =0
t=0orr=52
It takes 52 seconds to return.
17. The following is one way to simulate the problem situation.
For the moon:
x, (1) =3( <160) +3.1(r 2 160)
¥, (t) = 832 — 2.6t
t-values: 0 to 320
window: [0, 6] by [-10,000, 70,000]

For the earth:
x, (1) =3(r<26)+3.1(t = 26)
v, (1) =832t~ 161"
t-values: 0 to 52
window: [0, 6] by [-1000, 11,000]
18. (a) 190 ft/sec
(b) 2 seconds
(c) After 8 seconds, and its velocity was O ft/sec then
(d) After about 11 seconds, and it was falling 90 ft/sec then
(e) About 3 seconds (from the rocket’s highest point)

(f) The acceleration was greatest just before the engine
stopped. The acceleration was constant from ¢ =2 to
t =11, while the rocket was in free fall.

19. (a) Displacement: = s(5)—s(0)=12-2=10 m

Om

(b) Average velocity = 15 =2 m/sec

sec
(c) Velocity =s"(r)=2t-3

At =4, velocity =s"(4)=2(4)—3=35 m/sec
(d) Acceleration = s” (£) = 2 m/sec?

(e) The particle changes direction when

s’(t)=2t—3=0,sot=§sec.

(f) Since the acceleration is always positive, the position s is
at a minimum when the particle changes direction, at

3 . .. (3 1
t = —sec. Its position at this time is s| — [=—— m
2 2 4
20. @) vy =T =L P17 C1a0+8)
dt dt

v(t)=-3t> +14t—14

dv d 2
b) a(t)=—=—(-3t"+14t-14
(b) a(r) i dt( )

a(t)y=—-6t+14

©v(H)=-3F+14t-14=0
t=1.451,3.215

(d) The particle starts at the point s = 0 and moves left until
it stops at s =—0.631 at 7= 1.451, then it moves right to
the point s =2.213 at t = 3.215 where it stops again, and
finally continues left from there on.

B _d i e
2@ V(=" = (=24

=(t-2)(3t—10)

dv d
(b) a(r)= - E(t_ 2)(3r—10)
a(t)y=6t—16



21. Continued
(©) v()=(1—-2)Bt—-10)=0

=2, —
3

(d) The particle starts at the point s =—16 when =0 and
move right until it stops at s = 0 when 7 =2, then it

moves left to the point s =—1.185 when 7= % where it

stops again, and finally continues right from there on.

22.(a) v(r) = s _ i(r‘ —612+8t+2)
dr  dt

v(t) =32 —12+8

dv d _,
b) at)=—=—@03t"-12t+8
(b) a(r) i dt( )

a(t)y=6t—12

(© v(H)=3t>-12t+8=0
t=~0.845, 3.155

(d) The particle starts at the point s =—16 when =0 and
moves right until it stops at s = 5.079 at t = 0.845, then
it moves left to the point s =—1.079 at t = 3.155 where it
stops again, and finally continues right from there on.

23. v()=s"(t) =32 =12t +9
a®)=Vv'()=6t—-12
Find when velocity is zero.
321249 =0
312 —4t+3)=0
3(—-1(r-3)=0
t=1lort=3

At t =1, the acceleration is a(l) =—6 m/sec’

At t =3, the acceleration is a(3)=6 m/sec’

24, a(t) =V (1) =61 —181+12
Find when acceleration is zero.
6t> —18r+12=0
6(t>—=3t+2) =0
6(t—1)(1r—-2)=0
t=lort=2
Att=1, the speed is ‘v(l)‘ = ‘0‘ =0 m/sec.

Att =2, the speed is [v(2)| = |-1|=1m/sec.

2
25. () 2 = d[6(1—t) }
dr dt 12

S PP
dt 24

=0-1+—=—-1
12 12
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(b) The fluid level is falling fastest when % is the most

negative, at r = 0, when% =—1. The fluid level is

falling slowest at t =12, when d—f =0.

(o)

. . dy . . o
y is decreasing and;); is negative over the entire interval
y decreases more rapidly early in the interval, and the
. dy . dy .
magnitude of d—); is larger then. d—); is 0 at 7 =12, where the

graph of y seems to have a horizontal tangent.

26. (a) To graph the velocity, we estimate the slopes at several
points as follows, then connect the points to create a
smooth curve.

t (hours) 0|125| 5| 75 | 10| 125 15

vkmhour) | O | 56 | 75 | 56 0 | -94 | 225

v(km/hr)
100+

5 15

t(hours)

To graph the acceleration, we estimate the slope of the
velocity grapy at several points as follows, and then
connect the points to create a smooth curve.

t (hours) 025575 ]| 10 | 125 15
(km/hour®) | 30 | 15 | 0 | =15 | =30 | —45 | -60
a(km/hr?)

50F

™

10

S

1'5, t(hours)
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26. Continued

(b) s _ 30t -3¢
dt

T

<

[0, 15] by [-300, 100]
2

d—j:30—6z

dt

e

T~

[0, 15] by [-100, 50]

The graphs are very similar.
¢(100) 11,000
100 100

(b) ¢'(x)=100-0.2x
Marginal cost= ¢’(100) = $80 per machine

27. (a) Average cost =

= $110 per machine

(¢) Actual cost of 101st machine is
¢(101) — ¢(100) =$79.90, which is very close to the
marginal cost calculated in part (b).

=

[0, 50] by [—500, 2200]
The values of x which make sense are the whole
numbers, x 20 .

28. (a)

(b) Marginal revenue =r’(x) = 5[2000(1 _ 1):|
by

X+
= d(zooo - 2000)
dx x+1
_o_ (x+D(0)=(2000)(1) _ 2000
(x+1)? (x+1)?
(©) r'(5)= 20002 = 2000 5556
(5+1) 36

The increase in revenue is approximately $55.56.

(d) The limit is 0. This means that as x gets large, one
reaches a point where very little extra revenue can be
expected from selling more desks.

29.

30

31.

32.

(a)

[0, 200] by [-2, 12]

(b) The values of x which make sense are the whole
numbers, x = 0.

[0, 200] by [-0.1, 0.2]
P is most sensitive to changes in x when ‘P’(x)‘ is

largest. It is relatively sensitive to changes in x between
approximately x = 60 and x = 160.

(d) The marginal profit, P’(x), is greatest at x = 106.44.
Since x must be an integer,
P(106) = 4.924 thousand dollars or $4924.

(e) P'(50)=0.013, or $13 per package sold
P’(100) = 0.165, or $165 per package sold
P’(125)=0.118, or $118 per package sold
P’(150) = 0.031, or $31 per package sold
P’(175) = 0.006, or $6 per package sold
P’(300) =107°, or $0.001 per package sold

(f) The limit is 10. The maximum possible profit is $10,000
monthly.

(g) Yes. In order to sell more and more packages, the
company might need to lower the price to a point where
they won’t make any additional profit.

. The particle is at (5, 2) when 4¢ — 16£ + 15¢= 5, which

occurs at ¢ = 2.83.

Graph C is position, graph A is velocity, and graph B is
acceleration.

A is the derivative of C because it is positive, negative, and
zero where C is increasing, decreasing, and has horizontal
tangents, respectively. The relationship between B and A is
similar.

Graph C is position, graph B is velocity, and graph A is
acceleration.

B is the derivative of C because it is negative and zero
where C is decreasing and has horizontal tangents,
respectively.

A is the derivative of B because it is positive, negative, and
zero where B is increasing, decreasing, and has horizontal
tangents, respectively.



33. Note that “downward velocity” is positive when McCarthy

34

35.

36.
37.

is falling downward. His downward velocity increases
steadily until the parachute opens, and then decreases to a
constant downward velocity. One possible sketch:

2
g
o
-
=
<
=3
f=}
3
o
A
Time
4
AR L) P
dr dr\ 3

When r=2, ? = 47r(2)2 =167 cubic feet of volume
r

per foot of radius.

(b) The increase in the volume is

%n(z.zf - %7:(2)3 ~11.092 cubic feet.

Let v, be the exit velocity of a particle of lava. Then
s() = vyt — 16¢” feet, so the velocity is

ds =, — 32t. Solving ds =0givest = V—O. Then the
dt 32

dt
maximum height, in feet, is
2 2
s| 22 =y [ 22 |—16| 22 | =22 Solving
32 32 32 64

‘}6% =1900 gives v, = £348.712. The exit velocity was

3600 sec 1 mi
lh 5280t
we find that this is equivalent to about 237.758 mi/h.

about 348.712 ft/sec. Multiplying by

By estimating the slope of the velocity graph at that point.

The motion can be simulated in parametric mode using
x,(f) =2 — 1374 + 22t -5 and y,(t) = 2 in [-6, 8] by [-3, 5].

(a) It begins at the point (=5, 2) moving in the positive
direction. After a little more than one second, it has
moved a bit past (6, 2) and it turns back in the negative
direction for approximately 2 seconds. At the end of that
time, it is near (=2, 2) and it turns back again in the
positive direction. After that, it continues moving in the
positive direction indefinitely, speeding up as it goes.

(b) The particle speeds up when its speed is increasing,
which occurs during the approximate intervals
1.153 <¢t<2.167 and r = 3.180. It slows down
during the approximate intervals 0 <7< 1.153 and
2.167 << 3.180. One way to determine the endpoints
of these intervals is to use a grapher to find the
minimums and maximums for the speed, INDER x(¥)
using function mode in the window [0, 5] by [0, 10].

>
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(c) The particle changes direction at # = 1.153 sec and at
t = 3.180 sec.

(d) The particle is at rest “instantaneously” at # = 1.153 sec
and at r = 3.180 sec.

(e) The velocity starts out positive but decreasing, it
becomes negative, then starts to increase, and becomes
positive again and continues to increase.

The speed is decreasing, reaches 0 at 7 = 1.15 sec, then
increases until # = 2.17 sec, decreases until # = 3.18 sec
when it is 0 again, and then increases after that.

(f) The particle is at (5, 2) when 2£ — 132 +22t—5=15 at
t=0.745 sec, t = 1.626 sec, and at = 4.129 sec.

38. (a) Solving 160 = 49012 givest = i%. It took % of a second.

1
The average velocity was 604cm sec = 280 cm/sec.
(7)

39. Since profit = revenue — cost, the Sum and Difference Rule
d d d
ives — (profit) = — (revenue) — — (cost), where x is the
gives — (profit) o ( ) I (cost)

number of units produced. This means that marginal
profit = marginal revenue — marginal cost.

40. False. It is the absolute value of the velocity.

41. True. The acceleration is the first derivative of the velocity
which, in turn, is the second derivative of the position
function.

dx*-2 (x+4H20)-("-2)
Tdx x+4 x+4
, _x2+8x—2
T
D> +8(-)-2 _ 0
-D+4

42.C

f=D=

43.D. V(x)=x"
dv_
dx
44.E. @=i(2+7z—r2)
dr dt
v(t)=T7-2t<0
7<2t
7
—<t
2
4>z
2
45.C. v(t)=7-2t=0
7=2¢

3x?

t=—
2
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46. The growth rate is given by

47.

48.

49.

b'(1)=10* =2 « 10°(r) = 10,000 — 2000t.
At t=0:5'(0)=10,000 bacteria/hour

At t=15:b'(5) = 0 bacteria’hour

At t=10:5'(10) =-10,000 bacteria/hour

(@) g'(x)= 57("3) =3x’
B (x)= i(ﬁ —2)=3x>
dx
£(x)= %(f +3)=3x>

(b) The graphs of NDER g(x), NDER #(x), and NDER #(x)
are all the same, as shown.

[—4, 4] by [-10, 20]

(¢) f(x) must be of the form f(x)= x> +¢, where cis a
constant.

(@) Yes. f(x)=x*

() Yes. f(x)=x>+3

For > 0, the speed of the aircraft in meters per second after
3600 sec 1 km

1h  1000m’
we find that this is equivalent to 8¢ kilometers per hour.
Solving 8¢ =200 gives ¢ = 25 seconds. The aircraft takes
25 seconds to become airborne, and the distance it travels
during this time is D(25) = 694.444 meters.

t seconds is %t. Multiplying by

(a) Assume that fis even. Then,

y . flex+h)— f(=x)

—x)=lim:+—~—"" J\ 7
S(=x) lim P

=1lim

h—0

and substituting k = —h,

i S GO~ ()

fx=h)—f(x)
. ;

k—0 —k
i JEtRO- )
=~ lim k =f

So, f” is an odd function.

(b) Assume that fis odd. Then,
, . fle=x+ )= f(=x)
—x)=limL2 7S
fi=x) lim .
I ESE O]
h—0 h
and substituting k =—h,

i R+ £ ()

k=0 -k
i LGOI
k=0 k
So, f’ is an even function.
d d d d
50. — h)=— oh)| = f e oh)+ oh e
dx(fg) dx[f(& N=f dx(s )+8 dx(f)
dh dg df
= o— +Nhe—2 |+ ohe——
f(g dx ax ) 8

_(4 dg an
(el )
Section 3.5 Derivatives of Trigonometric
Functions (pp. 141-147)

Exploration 1 Making a Conjecture with
NDER
1. When the graph of sin x is increasing, the graph of
NDER (sin x) is positive (above the x-axis).
2. When the graph of sin x is decreasing, the graph of
NDER (sin x) is negative (below the x-axis).

3. When the graph of sin x stops increasing and starts
decreasing, the graph of NDER (sin x) crosses the x-axis
from above to below.

4. The slope of the graph of sin x matches the value of
NDER (sin x) at these points.

5. We conjecture that NDER (sin x) = cos x. The graphs
coincide, supporting our conjecture.

P T,
L I

[—27, 27] by [—4, 4]

6. When the graph of cos x is increasing, the graph of
NDER (cos x) is positive (above the x-axis).
When the graph of cos x is decreasing, the graph of
NDER (cos x) is negative (below the x-axis).
When the graph of cos x stops increasing and starts
decreasing, the graph of NDER (cos x) crosses the x-axis
from above to below.
The slope of the graph of cos x matches the value of
NDER (cos x) at these points.



6. Continued

We conjecture that NDER (cos x) = —sin x. The graphs
coincide, supporting our conjecture.

FatuN

S

[=2m, 2m] by [—4, 4]

Quick Review 3.5
T _3% 5356
180° 4

2.1.7- 180=(306J =97.403°
V4 T

1. 135°.

B

3. sinﬁz—
3 2

4. Domain: All reals
Range: [-1, 1]

5. Domain: x # l%r for odd integers k

Range: All reals

6. cosa= i\/l—sin2 a= i\/l—(—l)2 = i\/a =0
kY4 .
7.If tana = —1, then a = — + kr for some integer &,

1
sosina=x—.
J2

I—cosh _(1-cosh)(1+cosh) 1-cos? h
h h(1+cosh) h(l1+cosh)

_ sin” h
- h(1+cosh)
9. y'(x)=6x>—14x
y(3=12
The tangent line has slope 12 and passes through (3, 1),
s0 its equation is y=12(x —3)+1, or y = 12x - 35.

10. a(r)=v'(t) = 61> — 14t
a3) =12

Section 3.5 Exercises

1L (14 x— cosx) = 0+ 1 —(—sinx) = 1 +sinx
X
d . 2

2. —(2sinx—tanx)=2cosx —sec” x
dx

3. i l+55inx =—i+500sx
dx\ x x?

d d d
4, —(xs =x—(s +secx—
» (xsecx)=x—(secx)+secx—(x)

= xsecxtanx +secx
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4o i@ 24 g @nnd 2
5. dx(4 X7 sinx) dx(4) |:x dx(smx)+(smx)dx(x ):|

=0—[x* cosx + (sin x)(2x)]
=—x2cosx—2xsinx

d d d d
6. EGX +xtanx) = dx(Sx)+|:xdx(tanx)+ (tanx)dx(x)]

9.

10.

11.

=3+ xsec’x+tanx

d( 4 )zd(4 secx)=4 sec x tan x

dx\ cosx dx
d d
d_ x :(1+C03x)a(x)—xa(l+cosx)
dx 1+cosx (1+cos x)*
_ I+ cosx+xsinx

(1+cosx)2

1+ cot d t t d 1+ cot
d cotx _( co x)a(co x)—(co x)a( cotx)
dx 1+ cotx (1+C0tx)2

_ (1+cotx)(— csc? x)—(cotx)(— csc? X)

1+ cotx)2
cse? x _ csc? xsin’ x _ 1
1+ cotx)2 1+ c:ot)c)2 sin® x (sinx + cos x)2

(1+sin x)i(cos x)—(cos x)i(l +sin x)
dx dx

i cosx
dx 1+sinx (1+sinx)?
_ (I+5sinx) (=sinx)— (cos x) (cos x)
(1+sinx)2
_—sinx—sinzx—coszx
(1+sinx)*
_ —(1+sinx)
(1+sinx)?
_ 1
1+sinx
ds d
t)y=—=—(sint
0= = O
v(t) =5cost
dv d
a(t)y=—=—(5 cos t
(®) i dx( )
a(t)=—5sint

The weight starts at 0, goes to 5, and the oscillates between
5 and -5. The period of the motion is 27. The speed is
greatest when cos t = 1 (¢ = k), zero when

cost=0 (t = %r, k odd). The acceleration is greatest

when sin 1= %1 (t = ]%r k odd), zero when

sint =0(t = km).
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ds d
12. v(t)=—=—(7 cos t
0= g T e
v(t) =—Tsint
dv d
a(t)y=—=—(-Tsint
O] i dr ( )
a(t) =—7cost
The weight starts at 7, goes to —7, and then oscillates

between —7 and 7. The period of the motion is 2. The
speed is greatest when sin ¢ = *1 (t = ]%r k odd), Zero
when sin t =0 (¢ = k7). The acceleration is greatest when

cos t = x1(t = k), zero when cos t =0 (t = %r, k odd).

ds d
13. t)=—=—(2+3sint
(@) v(®) & dt( sint)

v(t) =3cost, speed = ‘3cost‘

a(t)=%=%(300st)=—3sint
(b) v T =3cos r =ﬁ, speedzﬁ
4 4 2 2

(Tl

(c) The body starts at 2, goes up to 5, goes down to —1, and
then oscillates between —1 and 5. The period of motion

is 2.
ds d
14. (@) v(t)=—=—(1-4cost
() v() dt dt( )
v(t)=4 sin t, speed:‘4 sin t‘
dv d
t)=—=—(4sint
o) dt dt( )
a(t)y=4 cost

(b) V(Z) = 4sin(Z) =232, speed =242

(4)4(4)2&

(c) The body starts at —3, goes up to 5, and then oscillates
between 5 and —3. The period of the motion is 2.

15. (a) v(t)=§=i(2sint+3cost)
dt dt
v(t)=2 cos t—3 sin ¢, speed = ‘2 cost—3sint
dv d
t)=—=—(2cost—3sin¢
“WO= = a )
a(t)=—-2sint—3 cos t

®) v| |=2cosF - 3sin =
4 4 4

speed= —

P 2

a r :—2sinz—3cos£
4 4

a(ﬂjz—b'ﬁ 4

4 2

(c) The body starts at 3, goes to 3.606(\/5), and then

oscillates between —3.606 and 3.606. The period of the
motion is 27.

ds d

16. (a) v(r)= —=—(cost—3sint

(@) v(®) ar dt( )
v(t) = —sint —3cost, speed = |—sint — 3cost|

dv d

a(t)=—=—(—sint—3cost
®) i dt( )
a(t)=—cost+3sint

T T T

b — |=-sin——3cos—=-2+2

()v(4) sm4 cos4
speed = 2v2

T T V1
e —sinZ-3cosE =2
a( J sin cos

(c) The body starts at 1, goes to —3.162(—\/5 ), and then

oscillates between 3.162 and —3.162. The period of the
motion is 27.

da d°s

17. jtH)=—=—+
J@® & ar
f(t) =2cost
f/(t) =2 sint

f7 () =-2 cos t
f7(t)=2sin ¢

_da _ d’s
dr  dr
f@)=1+2cost
@) ==2sint
f7(t)y=-2cost
f7()=2sint

18. (1)

3
19. j()= da_d’s
d 4
f(t)=sint—cost
f/(t)=cost+sint
f”(t)=—sint +cost
f7”(t)=—cost—sint



. da d’s
20. ()= il
f(@)=2+2sint
f'(®)=2cost
f7(t)=-2sint
f”(t) =—2cost

21. y=sinx+3

d
v_ i(sinx+3) =cosx
dx dx

y(m) =sint+3=3

y(m)=cosm=-1

tangent: y=-1(x—m)+3=-x+7+3
1

normal: m, = —;l: 1
y =(x-m)+3
22. y=secx
dy d

=—(secx)=secxtanx
dx dx

W E |=sec B =1.414
4 4

Y E |=secZ tanE =1.414
4 4

tangent: y=1.414(x— %) +1.414
y=1.414x+0.303

1
normal: m, =-—=-0.707
m

y=-0.707(x - %) +1.414 =-0.707x +1.970

23. y= x%sinx

& = i(x2 sin x) = 2xsinx + x* cos x
dx dx

y(3) = (3)*sin3=1.270
¥ (3) = 2(3)sin3 +(3)? cos3 = —8.063
tangent: y =—8.063(x — 3)+1.270 = —8.063x +25.460

1
normal: m, =——=0.124
m
y=0.124(x-3)+1.270
y=0.124x+0.898
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24. Tim cos(x+h)—cosx
h—0 h

. (cosxcosh—sinxsinh)—cos x
im

h—=0 h
cosx(cosh—1)—sinxsinh

= lim

h
-1 ;
cosh — (sinx) s1r}1lh)

-1 )— (sinx)(lim smh)
h—0 h

=(cosx)(0)—(sinx)(1)=—sinx

d . . d
d sinx (cosx)a(smx)—(smx)a(cosx)

25. (a) itanx = =
dx dx cosx (cosx)*

_ (cos x)(cos x) — (sin x)(—sin x)

cos” x
cos? x +sin® x 1 5
cos” x cos” x
d d
(cosx)—(I)— (1)—(cos x)
(b) iSf:Cx:i ! = dx zdx
dx dx cosx (cosx)

_ (cosx)(0)— (1)(—sin x)
- 2

cos” x
sin x
= =secxtanx
cos” x
d d cosx
26.(a) —cotx=———
dx dx sinx

. d d .
(sin x)a(cos x)—(cos X)E(sm X)

- (sin x)2
_ (sin x)(—sin x) — (cos x)(cos x)

sin® x
) 2
_ —(sin” x+cos” x)
sin’ x
1
=-— =—csc?x

sin? x

(b) icscx = ii
dx dx sinx

) (sin x)%(l) - (l)dd—x(sin X)

(sin x)*
_ (sinx)(0)—(1)(cos x)
sin® x
cosx
=-——— —=—cscxcotx
sin” x

27. isecx = sec x tan x which is 0 at x = 0, so the slope of the
x

. d . N
tangent line is 0. d—cosx =—sinx whichis 0 atx =0,
x

so the slope of the tangent line is 0.
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b ( :O
28. itanxzseczxz , which is never 0. (b) ) f)
cos? x —csc“x+2cscxcotx =0
1 2cosx
d 2 ‘chi T2 — =0
—-cotx=—csctx=——— , which is never 0. s1n X sin“x
dx sin” x
(2cosx—1)=0
sin® x
29. y'(X)=i(\/§cosx)=—x/Esinx |
dx cosx—E
7 \/— T 1
—|=- ZSm—:—\/E — |= T
y(4) 4 (\/EJ g at point Q

The tangent line has slope —1 and passes

through E, \/Ecosﬁ = E,l , S0 its equation is
4 4 4 1 )
- 5-3)
y=—1(x—Z)+l, or y=—x+%+1. 33 3
:4_$:4_\/§

The coordinates of Q are (73[, 4— \/3)

y Tled+cotZ-2esc
3 3 3

The normal line has slope 1 and passes through (Z 1),

T T
it tionis y=1| x—— |+1, =x+1-—. . . .
so its equation is y (x n ) ory=x 4 The equation of the horizontal line is y = 4 —+/3.

, d
30. y'(x)=%tanx=sec2x 32. y(x)=a(l+\/§cscx+cotx)
=O+\/§(—cscxcotx)+(—csc2x)

, d
y(x)=a(2x):2 =—2cscxcotx—csc? x
2

sec” x=2
AT e FootE — o2 B
secx—+\/— (@ y (4) \/Ecsc4cot4 csc 2
_ 2
cosx = +T ;:f(fﬁ)_(ﬁ)

The tangent line has slope —4 and passes through
P(Z, 4). Its equation is y = —4(x—Z)+4, or
curve are (—Z —1) and (Z 1). y=—4x+rw+4.

(b) y(x)=0

2
—v2cscxcotx—csc” x=0

\/5 coS X 1
sin® x sin® x

(\/Ecosx+1):0

On (—Z 72r) the solutions are x = i%. The points on the

d
31. y'(x)=—(4+cotx—2csc
y'(x) dx( X X)

=0

=0—csc x+2cscxcotx -
=—csc? x+2cscxcotx

S T T T sin” x
(a) y'| = |=—csc”—+2csc—cot— 1
2 2 2 2 cosx = _T
—1>+2(1)(0) =1 3
The tangent line has slope —1 and passes through o 4 at point

L4 R4
y(4)— 1+\/§cscj+cot7
=1+2(/2)+ (-D)
=2

P(Z, 2). Its equation is y = —l(x —Z)+ 2,0r
T
=—x+—+2.
Y 2

The coordinates of Q are (3: 2).

The equation of the horizontal line is y = 2.



33. (a) Velocity: s'(t) =2 cos t m/sec
Speed: |s’(z) | = |2 cost|m/sec

Acceleration: s”(¢) = 2sint m/sec’
Jerk: s”(f) = 2 cos t m/sec’

(b) Velocity: -2 cos% = —\/5 m/sec
Speed: ‘—\/E‘ = \/Emlsec
Acceleration: 2sin§ =2 m/sec?
Jerk: 2COS% =2 m/sec’?

(c) The body starts at 2, goes to 0 and then oscillates
between 0 and 4.

Speed:

Greatest when cost = %1 (or t = k), at the center of

the interval of motion.
k
Zero when cost =0 (or t = 7”, k odd), at the

endpoints of the interval of motion.
Acceleration:

Greatest (in magnitude) when sinz = +1
(or z:%r, k odd)
Zero whensint =0 (or t = kr)

Jerk:

Greatest (in magnitude) when cost = %1 (or ¢ = k7).
Zero when cost =0 (or t= ]%[, k odd)

34. (a) Velocity: s'(r) = cos t — sinf m/sec
Speed: s'(H)= |cos t—sin f| mAec

Acceleration: s” (f) = —sint — cost m/sec’
Jerk: s’ (t) = —cost — sint m/sec’

(b) Velocity: cos% - sin% =0 m/sec
Speed: ‘0‘ =0 m/sec
Acceleration: —sin % — cos% = —\/5 m/sec?

Jerk: —COSE + sinﬁ =0 m/sec’
4 4

(c) The body starts at 1, goes to \/E and then oscillates
between i\/z .

Speed:

Greatest whent = %T” +km

Zero whent = % +km

Acceleration:

35.

36.

37.
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Greatest (in magnitude) when ¢ = % +km

Zero whent = %T” +km
Jerk:

. . 3
Greatest (in magnitude) when ¢ = TE +km

T
Zero whent=—+km

, d
y =—CSCx =-—cscxcotx
dx

”

d
y” =—(—cscxcotx)
dx

d d
=—(csc x)a(cotx) - (cotx)a(csc X)

=—(cscx)(— csc? x)—(cotx)(—cscxcotx)

=c303x+cscxcot2x
d
’=—(Otan0
y de( )

d d
=60—(tan0) + (tan0)— (O
de(an) (n)de()
=0@sec’ O+ tanb
d 2
”=—(Osec” 0+tan0O
y de( )

_g 4 PN
=0 10 [(sec 6) (sec B)] + (sec” O) 20 )+ 20 (tan 0)

= 9|:(sece)je(sec9)+ (sece)dde(sece)]+ sec? 0 +sec® 0

=20sec’ Otan O+ 2sec’ O
=(20tan6 + 2) (sec’ 0)
or, writing in terms of sines and cosines,
_ 2+20tan6
© cos?O
_ 2c0s6+20sin6

cos® @
Continuous:
Note that g(0) = lim g(x)= lim cosx =cos(0)=1, and
x—0t x—0t
lim g(x)= lim (x+b)=>b. Werequire lim g(x)= g(0),
x—0" x—0" x—0"
so b =1. The function is continuous if b =1.

Differentiable:

For b =1, the left-hand derivative is 1 and the right-hand
derivative is —sin (0) =0, so the function is not
differentiable. For other values of b, the function is
discontinuous at x = 0 and there is no left-hand derivative.
So, there is no value of b that will make the function
differentiable at x = 0.
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38. Observe the pattern:

d . d’ .
—COsX =—sinx ——5Cosx =—sinx
dx dx
d? d®
—— COS X =—COSX ——5 CO8x =—COSx
dx dx

3

, d’ ,

—— cosx =sinx ——cosx =sinx
dx dx

4 d8
——CO8.X = COS X —— COSx =cosx
dx dx

Continuing the pattern, we see that

n

P cosx = sinx when n = 4k + 3 for any whole
X
number k.
999
Since 999 = 4(249) + 3, 599 COSX = sin x.
dx

39. Observe the pattern:

d . d’ .
—sinx = cosx ——sinx=cosx
dx dx

d* . . d® . .
— sinx =—sinx — Sinx =—sinx
dx dx

3 d’
—gsinx:—cosx —7$inx=—cosx
dx’ dx

4 48
—4$inx=sinx —Ssinx=sinx
dx dx

Continuing the pattern, we see that

n

P sinx = cosx when n =4k +1 for any whole number k.
b3

725

Since 725 =4(181) + 1, s sin x = cos x.
dx

40. The line is tangent to the graph of y =sin x at (0, 0). Since
¥'(0) = cos (0) = 1, the line has slope 1 and its equation
isy=ux.

41. (a) Using y = x, sin (0.12) = 0.12.

(b) sin (0.12) = 0.1197122; The approximation is within
0.0003 of the actual value.

42, isin 2x = i(2 Sin X COS X)
dx dx

= 2i(sinx COS X)
dx

= 2|:(sin x)i(cos x)+ (cos x)i(sin x)]
dx dx

=2[(sin x)(—sin x) + (cos x) (cos x)]
= 2(cos2 x—sin’ x)
=2c0s2x

43. icos 2x = i [(cos x)(cos x)— (sin x) (sin x)]
dx dx

d d
= [(cos x)a(cos x)+ (cos x)a(cos x):l -

. d . . d .
[(sm x)E(sm Xx) +(sin x)a(sm x):|

=2(cosx)(—sinx)— 2(sin x) (cos x)
—4sin x cos x

—2(2sin x cos x)

—2sin2x

44. True. The derivative is positive at 1= %Tﬂ

45. False. The velocity is negative and the speed is positive

b
atr= —.
4

46. A. y=sinx+cosx
dy d .
——=—=cosx—sinx
dx, dx

y(r)=sinmw+cosmw=—1
y'(m)=cosm—sinm =-1

y=-lx-m)-1
y=—x+n-1
47. B. See 46.
m2 :—i:—izl
m -1
y=(x-m)-1

48.C. y=xsinx
Yy =sinx+xcosx
y” = cosx+cosx — xsinx
=—xsinx+2cosx
ds d .
49.C. v(1)= i@ (3+sint)
v(t)=cost=0

/N

~ | N

[-360, 360] by [-0.01, 0.02]
The limit is % because this is the conversion factor

for changing from degrees to radians.



50. Continued

(b)
N

Nt

[-360, 360] by [-0.02, 0.02]

This limit is still 0.

(c) isin)c = lim
dx h—0 h

sin(x + h)—sin x

sin x cos i+ cos x sin A — sin x

= lim
h—0 h

sinx(cosh—1)+cosxsinh
m

h—0

cosh—1

= (lim sinx)(lim
h—0 =0 h

. T
= (sinx)(0) + (cos x)(180

T
=_—-COSXx

180

(d) icosx = lim
dx h—0 h

lim cos x
—!

JRE

cos(x+h)—cosx

COS X COS i — sin x sin & — cos x

= lim

h—0 h
. (cosx)(cosh—1)—sinxsinh
= lim
h—0

cosh—1

= (lim cosx)( lim
h—0 =0 h

. T
=(cos x)(0)— (sin x)(lgo)

.
=————_SInx

180

2

)( . sinh )
lim ——
-0 h

d° . d & T T
() —sinx=———cosx=—| ——sinx
dx? dx 180 180\ 180

& . d( =% .
735111)6 =—1 - > Sin
dx dx\ 180

T T
—— COSX
180(180 J

7.[2

1802

(

(n
X |=— —— COSX
1802\ 180
d? d( =©n .
—COSX=—| ————SInx |=
de dx 180

———sinx

)
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(cosh—1)(cosh+1)

(cosh—-1) .
= lim

51. lim
h—0 h—0 h(cosh+1)
cos?h—1
=lim——
h—0 h(cosh+1)
—sin®h
=lim———
h—0 h(cosh+1)

. osinh [ . sinh
=—| lim—— || im
h—0 h h—0cosh+1
0
-2 |=0
of3)

52. y’:di(A sinx+ B cos x) =A cos x — B sin x
x

”

d . .
y =d—(A cos x — B sin x) =—A sin x — B cos x
x

Solve: Yy’ —y=sinx

(—Asinx— Bcosx)—(Asinx + Bcosx) =sinx

—2Asinx—2Bcosx =sinx

Atx=£, this gives —2A =1, soAz—l.
2 2
Atx =0, we have -2B =0, s0o B=0.

Thus, Az—% and B=0.

Section 3.6 Chain Rule (pp. 148-156)

Quick Review 3.6
1. f(g(x)= f(x* +1D) =sin(x*+1)

2. f(g(h(x) = f(g(Tx) = f(Tx)* +1)
=sin[(7x)> +1] = sin(49x> +1)

3. (goh)(x)=g(h(x) = g(7x)=(7x)* +1=49x2 +1

4. (hog)(x)=h(g(x) =h(x> +1)=7(x* +1)=7x* +7

g\ _ (X7 +1)_ . ¥ +1
5 f(h(x))_f( 7x J_Sm 7x

6. \Jcosx+2 = g(cosx) = g(f(x))

7. V3cos® x+2 = g(3cos2 x) = g(h(cosx)) = g(h(f(x))

8. 3cosx+6=3(cosx+2)=3(+cosx+ 2)2
= h(ycosx +2) = h(g(cosx)) = h(g(f(x))

9. cos27x* = f(27x*) = F(3(3x*)*) = f(h(B3x*) = f(h(h(x))

10. (:osx/2+3x2 = (:05\/3)c2 +2= ]‘(\/3x2 +2)
= f(g(3x*) = f(g(h(x))
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Section 3.6 Exercises

L dv_dvd
" dx  dudx
y=sinu u=3x+1
Q:cosu @:3
du dx

@= 3cos(Bx+1)
dx

) dy_dvdu
" dx dudx
y=sinu u="7-5x
—y=cosu @=—5
u dx
& =-5cos(7—-5x)
x
y Ay _dvdu
“dx  dudx
y=cosu M=\/§x
dy . du \/—
—— =—sin —=4/3
du " dx
d .
—yz—\/gsm(\/gx)
dx
oy _dvdu
“dx dudx
y=tanu u=2x-x>
Q=seczu @=2—3x2
du dx
ﬂ=(2—3x2)sec2(2x—x3)
dx
s Ay _dvdu
“dx dudx
5 sin x
y=u u=
1+ cosx
szu @: sin x .
du dx  (1+cosx)
@_ 2sinx
dx (1+cosx)2
o dy_dvdu
“dx  dudx
y=5cotu u=g
X
Q=—5csc2u du__2
du dx xz

y_10 22
dx 2 X

S dy_dvdu
“dx  dudx
y=cosu u=sinx
Q=—sinu —M=cosx
du dx
b = —sin(sinx)cos x
g, dy _dvdu
T dx  dudx
y=secu
ﬂ=secutanu
du
u=tanx
@=seczx
dx
dy

—= sec(l;anx)tan(tanx)sec2 X
dx

9. ézicos £—3t
dt dt 2

|els)fil )
_ [_sm(’zf—m]](—w

= 3sin(ﬂ— 3t)
2
ds

d

10. E = 5[ICOS(7T—4I)]
d d

= (t)E[COS (m—41)]+cos (- 4t)5(z)

= f[—sin(m— 4t)]%(n’ —41)+cos(m —41)(1)

=t[—sin(wr—4t)](—4)+cos(r—4t)
=4¢sin( —4t)+ cos(mw —41)

11. ézi isinS):+icosSt
dt  di\ 3¢ S

4 d 4 . d
= g(COS 31)5(31‘) + 5(— SIHSI)E(SI)
4 4 .
=—/(cos3t)(3)+ —(—sin57)(5)
RY/4 Sm

= icos?n‘—isinb't
/4 /4

ds d| . (3@ r
12. — =—|sin| —¢ |+ cos| —1¢
dt dt 2 4
3r \d(3r L[ 7m \d(Tr
=cos| —t |—| —t |-sin| —1t |—| —¢
3r RY/4 i . (Tw
==—cos| —t |—-——sin| —1
2 2 4 4



13. ﬂ=i(x+\/§)*2 =—2(x+\/§)*3i(x+\/})
dx dx

=20 +x)7 (1+&J

14. L] i(cscx +cotx)™!
dx dx
o d
=—(cscx+cotx) - —(cscx+cotx)
dx
1 2
= —72(—cotxcscx —csc” x)
(cscx +cotx)
(cscx)(cotx +csc x) cscx
(csc x + cot x)? cscx +cotx
15. L] = i(sif5 x—cos® x)
dx dx
=(-5 sin76x)i(sin x)—(3 coszx)i(cos X)
dx dx
= —5sin~%x cos x + 3cos’x sin x
dy _d 3 4
16. —=—[x"(2x-5
o [x"(2x-5)"]
= (x3)%(2x—5)4 +(2x-5)" %(ﬁ)
=(xH@)2x-5)° %(2x—5)+ 2x-5)*(3x?)
= () (@) (2x -5 (2)+3x*(2x - 5)*
=8x’(2x-5)’ +3x*(2x - 5)*
=x*(2x—-5)°[8x+3(2x - 5)]
=x*(2x-5)*(14x-15)
7. 9 i(sin3 xtan4x)
dx dx

a3 4 d .3
=(sin” x) I (tan4x)+ (tan4x) i (sin” x)

= (sin® x) (sec? 4x)i(4x) +(tan4x) (3sin> x)i(sin x)
dx dx

= (sin® x) (sec? 4x) (4) + (tan 4x) (3 sin® x) (cos x)

=4sin> xsec® 4x+3 sin® x cos x tan4x
dy d ————
8 ?=I(4 Secx+tanx)
x  dx

1
i(secx +tanx)

2+/sec x + tan x dx
2 2
= ———(secxtanx+sec” x)
Wsecx +tanx

sec x + tan x

vsecx + tan x
=2sec xvsecx + tan x

=4

=2secx
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19 dy—d( 3 ]
Tdx  dx V2x+1

(2x+ 1)di(3)—3di(\/2x+ D
_ X X
(N2x+1)?

1 d
V2x+1)(0)-3| ——— |- (2x+1
(V2x+1)(0) [zm)dx(ﬁ)

2x+1

1
3l

2x+1

3
2x+1D)v/2x+1

=-30Q2x+ 172

dyd X

dx a\/1+x
(\/1+x2)—(x)—xi(\/l+x2)
_ dx dx
(V1+x2)?
(\/1+x Y1) — x{ J(l+x )
241+ x2

dx

20.

1+x2
2 1
Vi+x® — x| ——— |(2x)
241+ x?

1+ x2

o (+xD)—x?
A+ x> V1+x?)
= (14 x2)
21. The last step here uses the identity 2 sin a cos a = sin 2a.
d_d G2ae-2)
dx  dx
. d .
=2sin(3x—2)—sin(3x—2)
dx
=2sin(3x—2)cos(3x — 2)1(3x -2)
dx
=2sin(3x—2)cos(3x—2)(3)
=6sin(3x—2)cos(3x—2)
=3sin(6x—4)

dy
dx

22. —(l+0052x)2 = 2(l+cos2x)i(l+0052x)
dx dx

=2(1+cos2x)(—sin 2x)i(2x)
dx

=2(1+cos2x)(—sin2x)(2)
=—4(1+ cos2x)(sin2x)
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23. jy o 4 (14 cos? Tx)°
X
=3(1+ cos? 7x)? %(1 +cos? 7x)
=3(1+ cos? 7x)* (2 cos 7x)di(cos 7x)
X
=3(1+ cos? 7x)*(2cos 7x) (=sin 7x)di(7x)
X
=3(1+ cos? 7x)* (2cos 7x) (—sin 7x)(7)
=—42(1+ cos? 7)c)2 cos7xsin7x
dy d
24. L == (Jtan5 L dins
Qe gy VAN = tanSx
1 2
= (sec’5x)—(5
amse 260
= ﬁ(sec2 5x)(5)
X
2
= jse075x or é(tan 5x)_1/2 sec? 5x
tanSx
25. j; %m(z 6) = sec2(2— 9)—(2 6)
=sec (2—9)(—1)=—sec 2-6)
26. j; d—(eecze tan 20)
d
= (sec20)-L (tan 20) + (tan 26)-- (sec 26
(sec )de( ) + (tan )de(sec )
= (sec26) (sec2 29)%(29) + (tan 26) (sec 260 tan 29)%(20)
=2sec’ 20+ 2sec 20 tan” 20
27. — dr _d —A/0sin (Gsme)

28. —

46 do T, /9 sing d6
2\/057[ —(sin@) + (sin@)— (9)]

= 7(00059+ sin6)
2+/0sin@

_ BcosB+sinf

24/0sinf
dr

—(26+/sec
do  do ( 2

d
= (29)E(\/se09)+ (\/%09)%(29)
]d(se09)+2\/se09

1
=(20)
[
= (29)[ \/_ J(sece tan 0) + 2+/sec

= 0(:/secO)(tan ) + 2+/se
=+/secH(Otan O+ 2)

29. y’=ita.nx= sec’ x
dx

d 5 d
" =—sec” x = (2secx)— (sec
Y= x=( X)dx( x)

= (2sec x)(sec x tan x)
=2sec? xtanx

30. y'= dicotx =—csc? x

X
”

y’ = %(—csc2 x)= (—ZCSC)C);LX(CSCX)

= (—2cscx) (—cscxcotx)
=2csc? xcotx

3. y= dicot@x— 1)=—csc*(3x— 1)di(3x— 1
X X
=-3csc’(Bx—1)
4 e B
= [-3cse”(Bx—1)]
=-3[2csc(Bx— 1)]%csc(3x -1
=-3[2csc(Bx—1)] »
[—csc(3x —1)cot(3x — 1)]i(3x -1
dx

=-3[2csc(Bx —D][-csc(Bx —1)cot(3x —1)](3)

=18csc?(3x—1)cot(3x —1)

= =gl

R

33. f(u)= i(145 +1)=54"

_7\/—_
g 0)=—~( )2\/—

(fe8) ()= f"(gMg' M= f(Dg'(H) = (5)(;) =

SRRV



34. flu)= %(1— u=u?=—
u

g’(x)=%<1—x>*1 =—<1—x>*2%(1—x>

1
(1-x)

(fo0)(-D=f(g=D)g' (- = f( )g( 1)

=(4)(4):
oy d ) nu)d ( mu
3. f(u)_du(c t10) e (10)@(10)
n (ﬂu)
=——-CSC
“10° 10
g="L 5=
dx

2Jx
(fe) (M= f(gM)eg' D)= (58D

(1)
~iol2)

36. f/(u)= %[u +(cos u)*z]

==(-07(D=

=1-2(cosu)™> a4 cosu
du
2sinu

COS3 u

=1+

g'(x) = i(mc) =7
(f°g)’( ) f (g( ))g (

2

2

&)

)
(i)

3 |

— _,;"_‘

=5

> +1) (- (214)—(14 +1)

3. flu)= d 2u
241 w*+1)?
(u +1)(2)— (2u)(2u) —2u*+2
(u +l) (u +1)

g'(x)= di(mx2 +x+1)=20x+1
X
(f2£)(0)=f"(g(0)g’(0)= f'(Dg’(0)=(0)() =0
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2
u—1 u—-1)d (u-1
38 >—(+J —Z(HJW(HJ

d
:2(u_lj(u+l)du(u—l)—(u—l)du(u+l)

u+1 (u+1)?

2(u 1)(u+l) (u=1) _4@-1)
u+l)  (u+1)? (u+1)>
= =2
dx
(fog)(=D=f'(g(-)g'(-1
= f(0)g'(-D
=(-42)=-8
dy dy du

39. (a) = e

d d
=— —(6x+2
du(cosu)dx()C )

= (—sinu)(6)
—6sinu
—6sin (6x+2)

()dy dy du
dx dudx
d d
=—1(os2u)—Bx+1
du(coe u)dx(x )

(—sin2u)(2) «(3)
—6 sin2u
—6sin(6x+2)

dx d dx

d . d -
=— +1)—

i sin(u )dx (x7)
=cos(u+1)(1) « 2x
=2xcos(u+1)
=2x cos(x2 +1)

dy dydu

® = 5@

. d 2
=— —(x"+1
i (sm u)—(x )

= (cosu)(2x)
=2xcosu
=2x cos(x2 +1)

121
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41. & _ —(ZCost)——Zsmt
dt
Q:—(Zsint):2cost
dt dt

@
ﬂ:ﬁ: 2cost  —cott
dx dx —2sint

dt

This line passes through(Zcos 2sm) (\/7 \/_)

and has slope — cot% =—1. Its equation is

y=—(x—\/§)+\/§, ory=—x+2\/§.

42, dx = i(sin 27t) = (cos 271'1)1(271'1) =27 cos 27t
dt dt dt
id = i(COS 27mt) = (—sin 27tt)i(27tt) =-2msin 27t
dr dt dt
@
dy_dt _2msinlmt_ o
dx dx 2mcos2nt
dt
2 2 1
The line passes through sm—ﬂ, cos—’r —ﬁ, —
-6 -6 22

43.

has slope — tan2—76r = x/3— Its equation is

y=\/§(x+\fj+;, or y=\/§x+2.

dx d 5 d
=—(ec”t—1)=(2sect)—(sect
& dt( )=( )dt( )
= (2sect)(sect tant)
=2sec’ rtant
D_ @ ot =sec’t
dt dt
dy
— 2
@:ﬂ:#Jcom
dx dx D2sec’ttanr 2
dt
The line passes through

(secz(—;r)—l tan(—)) (1, —1) and has

slo eicot _r ——l Its equation
e 4)"

1 1 1
isy=—>(x-1D-1, =——x——.
isy 2(x ) ory 2x >

J and

44.d—x=isectzsecttant
dt dt
D4 ot =secs
dt dt
dy
— 2
dy _dr_ sectt _sect 1
dx dx secttant tant sint
dt
2 1
The line passes through( CE tan) ( & 3Jand has
T 2 1
slope csc— = 2. Its equation is y = 2[x—]+,
6 3) 3
or y:2x—\/§
4. o4,
dt dt
dy d 1
dt dt 2\/'
&
dy g Uy 1
dx dx 1 N
dt
. 1 1 11
The line passes through| —, ,|— [=| —, = | and has slope
4 V4 4°2
1 Lo 1) 1 1
—==1.Itsequationisy=1| x—— |+ -, ory=x+—.
1 4) 2 4
2 -
4
a6. © - (2: +3)= 4t
dr
d)’_ d (t4):4t3
dt dt
@
dy_ar 4 _p
dx dx 4
dt

The line passes through (2(=1)% +3, (-1)*) = (5, 1) and has
slope (—1)2 =1.Itsequationis y=1(x—5)+1,or y=x—4.



47. & =

48.

49.

dx i(r—smt)—l cost
dr dt
Qz—(l—cost)zsint
dr dt

dy
dy _ qr _ sint
dx dx 1-cost

dt

The line passes through

E—sinz,l—cosﬁ = E—ﬁ,l and has slope
3 3 3 3 22

= \/§ . Its equation is

y:\/§x+2—i.
J3

dx
— =—cost=-—sint
dt d
Q:i(l+sint)=cost
dr dt

dy
@:ﬂ:—wsz =—cott
dx dx —sint

dt

The line passes through (cos2 1+ sin 2) (0,2) and

has slope —cot(g) =0. Its equation is y =2.

dx
(a) E

dy d .
— =—sint = cost
dt

dt
dy
dy gr _ cost
dx dx 2041
dt

dldy]_
o i)

d d
_ 2t+ I)E(cost) - (cost)E(Zt +1)

d >
=—("+1)=2t+1
dt( )

i cost
dt 2t+1

(21 +1)%
_ (2t +1)(—sint)—(cost)(2)

2t+1)?
_ (2t +1)(sint) + 2cost

2r+1)2

Section 3.6 123

dy
c)Letu=—.
(c) Letu 4

X
Then du dudi)c , S0 du_ @—d—x . Therefore,
dr dxdt’ dx dr di
ddy)_d(dy), dx
dx dx dl dx dl
__ 2t+ l)(s1nt)-02-2cost SQr+1)
Q2t+1)
_ (2t+1)(sint)+ 2 cost

Qr+1)°

(d) The expression in part (c).

50. Since the radius passes through (0, 0) and (2cos ¢, 2sin?), it

52

has slope given by tan 7. But the slope of the tangent line is

@
& —dt_ 2cost _ = —cott, which is the negative reciprocal
dx dx —2sint

dt

of tan #. This means that the radius and the tangent line are
perpendicular. (The preceding argument breaks down when

km . . .
t= 7, where £ is an integer. At these values, either the

radius is horizontal and the tangent line is vertical or the
radius is vertical and the tangent line is horizontal, so the
result still holds.)

ds dsd@ d
“dr de dr

. 6
=(—sin 9)(dt)

do
( 9);

When 9:3—” and d—0=5, éz —sin3—ﬂ 5)=5.
2 dt dt 2
.ﬂzﬂd—xzi(xzwx—ﬁd—x
dt dxdt dx dt
dx
=2x+7)| —
(2x )(dz)
When x =1 and dx _1

= dy _
= [2(1)+7]()

53. dy:isini cosf i —|= 1cos£
dx dx 2 2 )dx\ 2 2 2

54.

11
Since the range of the function f(x) = lcosf is
2 20| 27 2)

the largest possible value of ? is l
X

dy
dx
The desired line has slope y’(0) = mcos0 = m and passes

i(smmx) (cosmx)i(mx) mcos mx
dx dx

through (0, 0), so its equation is y = mx.



124 Section 3.6

dy d 2 x \d [ wx S
55. Do L oan o] 2sec? BE | L[ 2X \/( fx)=
A g ( ¥y )dx( 4 ) 1= f(x a0
_m_ofmx At x =2, the derivative is
) 4 1
f@_ 3 _ 1 _ 1
y (1>—*sec ( ) 2o =m 2Jr@) 248 62V2) 122
The tangent line has slope 7 and passes through d 1 d 207(x
- = g™ =20 L g == 25
(1, 2tan) =(1, 2). Its equation is y = w(x — 1)+ 2, or X g (x) ax [g()
4 At x = 3, the derivative is
y=nmx—m+2. 2’3 _ 25 _ 10 _5
The normal line has slope 1 and passes through (1, 2). [’ (—4)3 T4 32
T

d 1
Itsequationisy:—l(x—l)+2, ory:—lx+l+2. (h)df\/fz(x)“‘gz(x) —;[f () +g* ()]
T Tz x 2 A+ x) ¢
Graphical support:

1
_—— [2f(x)*f(x)+ 2g(x)—g(x)]
/H 2( 2 () +g% (x) dx dx

_ ) f'(x)+g(x)g"(x)

A /  JPwrgw

At x = 2, the derivative is
[-4.7, 4.7] by [-3.1, 3.1]

(8)(;}(2)(—3)

56. (a) %[2 FOO=2F"(x) fQf(2)+5(2)g'(2) _
N 2 ra+go Jg 427
At x =2, the derivative is 2 f"(2) = 2() ==, 10 10
373 T
d Jeg 217 317
(b) ?[f (xX)+g(x)l=f'(x)+g'(x)
N ative is F(3) 4 o 57. L cosxe) = Lcos| B 2= gn[ X)o7 gna
At x =3, the derivative is f'(3)+ g’(3)=2nm+5. . dxcos x°)= o cos 50 )= ISOS TR 1805 X
d ’ ’
(© a[f(x) « 8= f(x)g"(x)+ g(x) f'(x) 58. (a) di [5.£(x)— ()] = 51" () - g'(x)
At x =3, the derivative is x o
) , , At x =1, the derivative is
B+ f'BR=3)S)+(-4)(2r) . o
=15-8m. 5/ ()-g'(h)= 5(—3)—(—3) =1
@ LSO s - fg')
2
de g s b L g0 = f0L g+ 81 0L re)
At x = 2, the derivative is dx dx dx

d
= f(x)[3g2(x)]ag(x)+g3(x)f’(x)

1
(2)0—(8)(—3)

Df'2Q)-f2)g' (2 3
s Q)= 25’ _ e ME 0+ 8 F @)

[ @7 e , X
74 At x =0, the derivative is 31 (0)g~(0)g"(0)+ g’ (0) f'(0)
3 37
T4 6 =3 ( )+(1) (5)=6.

© L F(g(0) = f(gNg’ ()
dx

At x = 2, the derivative is

[ (g2)g'(2)=f(2)8'(2) = (;J(—3) =-1



58. Continued

d f(x) _[g(x)“] fo- f(X)—[g(x)+1]
(c)
dx g(N)+1 [g(x)+1]?
_ g+ 1" (0) - f(0)g'(x)
[g(x)+1°

At x =1, the derivative is

o-queo (3o
[eM+11f" M)~ fFDg'D) _ 3 3
[g()+11 (~4+1)°

=2-1

Gy if(g(JC)) = f(g(x)g’'(x)
dx

At x =0, the derivative is

, P B B A I |
S'(g0)g"(0)=f"(Dg (0)—( 3)(3) 9
d ’ ’
€ —g(f(x)=g"(f(xNf'(x)
dx

At x =0, the derivative is

O (0)=g Mf(0)= (—)(5) = —ﬂ

® g0+ FOOI? = 20800+ FOI L Lg(0)+ f(0)
dx dx

__2Ag @+ W
[g(x)+ f(OP

At x =1, the derivative is

{5
Agm+rmr 3 3) -6 o
[e+fOF  (4+3° -l

(@ i[f(x+ gl = f'(x+ g(x))i[x+ g(x)]
dx dx

=f(x+g(x)(1+g'(x)
Atx =0, the derivative is

1
J(O+g(0)A+g"(0) = f(0+ 1)(1 + 3)

w4
=f(1)(3j

59. For y = sin 2x, y" = (cos 2x)di(2x) =2 cos 2x and the slope
X

at the origin is 2.

Fory=—sin£,y’= —cos > afx :—lcosiandthe
2 2 Jdx\2 2 2

slope at the origin is —%. Since the slopes of the two
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. 1 . .
tangent lines are 2 and 5 the lines are perpendicular and

the curves are orthogonal.

A graph of the two curves along with the tangents y = 2x

1 .
andy= _Ex is shown.

[-4.7,4.7] by [-3.1,3.1]

60. Because the symbols — b ﬂ and du
i du’ dx
The individual symbols dy, dx, and du do not have

numerical values.

61. Velocity: s”(f) = —27bA sin (27bt)
acceleration: s”(f) = —4m*b*A cos (27bt)
jerk: s”() = 87°bA sin (27br)
The velocity, amplitude, and jerk and proportional to b,
b’, and b’ respectively. If the frequency b is doubled, then
the amplitude of the velocity is doubled, the amplitude of
the acceleration is quadrupled, and the amplitude of the jerk
is multiplied by 8.

are not fractions.

d
62.(a) y (t)—37sm|:365(x 101):| —(25)

2 d
—37COS|:365(X—101)] |:365(.X 101)]

=37cos 2—”(x—lol) .2z
365 365

74—”005 —(x— 101)
365 365

Since cos u is greatest when u =0, +27, and so on,

2w
’(r) is greatest when — (x —101) =0, or
Y(@®)isg w 365(x )

x = 101. The temperature is increasing the fastest on
day 101 (April 11).

(b) The rate of increase is

y' (10D = ;4?7; =~ (.637 degrees per day.

d
63. Velocity: s(t)— \/1+4 = —(1+4t)
2\/ +4¢ d
-_— 4 — —
2V1+4¢ \/1+4z
2

At t =6, the velocity is —=———===—m/sec
1+46) 5
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63. Continued 68. No, this does not contradict the Chain Rule. The Chain
2 Rule states that if two functions are differentiable at the

Acceleration: s”(¢) =

dt m appropriate points, then their composite must also be
differentiable. It does not say: If a composite is
W1+ 4;)1(2) _ 21, 1+ 4¢ differentiable, then the functions which make up the
= di di composite must all be differentiable.
(1+41)? 4
_2( 1 )d(l+4t) 69. Yes. Note thataf(g(x)) = f’(g(x))g’(x). If the graph of
2J1+4r )dt

= vy = f(g(x)) has a horizontal tangent at x = 1, then
o I+at F(g(1)g’(1) =0, s0 either g’(1) = 0 or f’(g(1)) = 0. This

m 4 means that either the graph of y = g(x) has a horizontal
1+ 47 =- (+ 4t)3/2 tangent at x = 1, or the graph of y = f (1) has a horizontal
4 4 tangent at u = g(1).
2

At t = 6, the acceleration is ——————=———m/sec
O T aer? 125 70

64. Acceleration = v _dvds _ (va(v) = |:d(k\/;):|(k\/;)
ds ds

. False. See example 8.

71. False. It is +1.

dt dsdt

72.E P-4 nan
dx dx

y=tanu u=4x

= (kJ(k\/;) = ﬁ a constant
2/s 2’ '

D ety W

4
65. Note that this Exercise concerns itself with the slowing du dx
down caused by the earth’s atmosphere, not the acceleration dy = dsec? (4x)
caused by gravity. dx
. k
Given: V_ﬁ 73.C. ﬂ=icosz(x3 +x%)
dx dx
2 _ 3,2
Acceleration = % = ?% = (Zv)(v) = (v)(jv) dy =cos u d“ =t
s s s
Y — 2sinucosu X3 4 ox
s )ds s ? =-2(3x2 +2x) cos (3x% +2x) sin(3x2 +2x)
d X
O\ V5 Lo-k s
=l -+ d d dy
s 2 -
o) 4.4 Do dt
—k dx dy
k dt
= (\/— 2\s)
s dy d .
K =—(—1+sin¢)
K2 dt dt
=——_ >0 = cost
2s dx d
S . 2 =——(t—cosr)
Thus, the acceleration is inversely proportional to s~. dt dt
W d o d =1+sint
66. Acceleration = = fx) _dfnde_ Ff(x) dy
dt dt dx dt di _ cost
dy l+sint
T T dL L “r
67. AL _dTdL | d o0 0L Ny i
du dL du dL g
dy| _ cosO _
dx 1+sin0

1]
g
[\®)
m\ -

d L
J(dLgJ("“
)(kL)=k7T £ =k—T

Vg 2

—
oQ | —

2
\F
8

t=0
x(0)=0-cosO0=—-1
y(0)=-1+sin0=-1
y=lx-(=D+(=)=x



75. B. See problem 74.

@_ cost
dx 1+sint
cost=0
T
t==
2
76.For h=1:

I7aNN/aN
NG

[-2, 3.5] by [-3, 3]
For h=0.5:

VANWA
VAR

[-2, 3.5] by [-3, 3]
For h=0.2:

AN A
VALY

[-2, 3.5] by [-3, 3]

As h — 0, the second curve (the difference quotient)
approaches the first (y =2 cos 2x). This is because

2 cos 2x is the derivative of sin 2x, and the second curve is
the difference quotient used to define the derivative of

sin 2x. As h — 0, the difference quotient expression should
be approaching the derivative.

77.For h=1:
A A
Y
[-2, 3] by [-5, 5]
For h=0.3:
A wﬂﬂr
A

[-2, 3] by [-5, 5]

-

]

78.

79.
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For h=0.3:

ot A
TV

[-2, 3] by [-5, 5]
As h — 0, the second curve (the difference quotient)
approaches the first (y = —2x sin(x?)). This is because
—2x sin(x?) is the derivative of cos (x?), and the second
curve is the difference quotient used to define the derivative
of cos (x*). As h — 0, the difference quotient expression
should be approaching the derivative.

(a) Let f(x)=x|,
Then
S O ) i S W (R P
dx dx dx \dx dx ) |

The derivative of the absolute value function is +1 for
positive values, —1 for negative values, and undefined

at 0. Sof'(u)z{l_l’ u<0

s u>0.

But this is exactly how the expression ﬂ evaluates.
u

L9 _2nG&T-9)

‘xz —9‘ - ‘xz —9‘

®) f/(0)= [j<x2 - 9)]
X

g'x)= i(‘X‘ sin x)
dx
—xL (sin x) + (sin )]
I (sin x) + (sin x) I

=lxlcosx + 20E

x|
Note: The expression for g’(x) above is undefined at
x =0, but actually

_ hlsi
mg(0+hz g(O):hm‘ ‘smh=

‘0)=1i
g0 hl—>0 =0 h

Therefore, we may express the derivative as

0.

xsin x

|x|cosx + , x#0

g'(x)= \x\

0, x=0.

dﬁ: i\/; = i\/x()c+c) = i\/x2 +cx
dx dx dx

dx

=71 i()c2 +cx)=

2Wx? +ex A
_u+tv

2x+c x+(x+c)

2\/x2 +cx - 2\/x(x+c)
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Quick Quiz Sections 3.4-3.6
1.B.y=sin4u u=23x

D _ 4sin*ucosu @2 3
du dx

b =12sin’ (3x)cos (3x)
dx

2.A. y =cosx+tanx
y' =—sinx+sec’ x

y” =—cosx +2sec? x tan x

3.C. x=3sint  y=2cost

dy
dy _ dr
dx dx

dt
ﬂ:i(Zcost):—Zsint
dr dt
ﬂzi(fisint):Scosz
dr dt

dy —2sint 2
—= =—"tant.
dx  3cost 3

4. (a) s(0)=—(0)>+(0)+2
s(0)=2
0,2)

®) —£2+1+2>0
(t+D(=1+2)>0

—l<t<%butt<0 not real

O§t<l
2
1
r>—
(c) 5
dS d 2
d) vi)=—=—(t"+t+2
@ v(») & dt( )
=-2t+1
dv d
e) a(f)=—=—(2t+1
(©) a(r) o dt( )
=-2
1
®) r=—

Section 3.7 Implicit Differentiation
(pp. 157-164)

Exploration 1 An Unexpected Derivative
1. 2x—2y—2xy"+2yy" =0. Solving for y’, we find that
b =1 (provided y # x).
dx
2. With a constant derivative of 1, the graph would seem to be

a line with slope 1.

3. Letting x = 0 in the original equation, we find that y = 2.
This would seem to indicate that this equation defines two
lines implicitly, both with slope 1. The two lines are
y=x+2andy=x-2.

4. Factoring the original equation, we have

[(x—y)-2][(x—»)+2]=0
sx—y—2=0o0rx—y+2=0
sLy=x—2ory=x+2.

The graph is shown below.

v
/

[-4.7,4.7] by [-3.1, 3.1]

. . .od .
5. At each point (x, y) on either line, d—y =1. The condition
X
y # x is true because both lines are parallel to the line
y =x. The derivative is surprising because it does not

depend on x or y, but there are no inconsistencies.

Quick Review 3.7

1. x—y2

0
y
y

P
+/x
\/;, yz = _\/;

N

/I

[-6, 6] by [-4. 4]



2. 4x2+9y* =36
9y* =36—4x>

42
yzzﬂzg@—xz)

9
y=i§\/9—x2
——E\/9—x2

Y1 3

26y,
I
N

[-4.7,4.7] by [-3.1, 3.1]

3. x2=4y?=0
(x+2y)x-2y)=0
X
=+=
)
X __r
y] Zsyz 2

[-6, 6] by [-4, 4]
4. x*+y*=9
Y =9_x?
y:i\/9—x2

N

[-4.7,4.7] by [-3.1, 3.1]

2

5. xz+y2 =2x+3

y2 =2x+3—x?
y:i\/2x+3—x2
Y =V2x+3-x%, y? =—\V2x+3-x*

—
L/

[-4.7,4.7] by [-3.1, 3.1]

Section 3.7

6. X2y —2xy=4x—y

X%y =4x—y+2xy
V= 4x—y+2xy

X2

7. ¥'sinx—xcosx=xy'+y
y'sinx —xy’ = y+ xcosx
(sinx—x)y = y+xcosx

, _y+xcosx
"~ sinx—x

8. x(y’ —y)=y(x*-)

Xt =y(x* = y+x)
S

x2—y+x

9. \/;(x—g/; =x"2(x—x")

172 172 1
:X/.X—)C/)C/3

3
32 _ 56

3

x+¥x? x+x??
[ Y
x° x

2/3
X X

-+ —
x3/2 xs/z

— x—l/2 +x—5/6

10.

Section 3.7 Exercises
1. xzy+xy2 =6
d o, . d. , d
P+ (") =—(6
dx(x y) dx(xy) dx()
2P y(2x>+x(2y)@+ Y (D=0
dx dx

L L
dx dx

d
Qo+ =—xy+y?)
dx
dy  2xy+y’

dx  2xy+x’
2. x3+y3:18xy
d s d 5 d
() +—()=—@8
dx(x) dx(y) l( xy)
dy dy
3x2+3y2 =L = 18x = +18y(1
X3yt =18x y(

dy dy 2
32— 18x =2 =18y-3
Y dx xdx yoox

(3y2—18x)%=18y—3x2

dy _ 18y—3x2
dx  3y*—18x
dy 6y—x2
a_ y2—6x

129
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3 ) x—1 5 x=tany
I Lo=Lgany)
d 5, _d x-1 dx dx
ac’ Tdx x+1 1=sec2yﬂ
ZyQ (DM = (x=1)D) dx
dx (x+1)? Q— 3 =cos’y
dy 2 dx sec”y
y—=
Zx (x +]1)2 6. x=siny
Y
«r_ _ d d .
dx  y(x+1)° a(x)=a(smy)
sy P
" x2:x y l—cosya
X+y dy
4oy d oy a oy
dx dx x+y ; . 0
. X+ tan xy =
<x+y)(1—ji]—(x—y>(1+jy) i g
2x= : S0+ () =~ (0)
(x+y)2 dx dx J dx
x—xﬂ+y—yﬂ - x+xﬁ—y— o 1+secz(xy)a(xy)=0
2y dx dx dx dx 5 dy
(x+)? 14 (sec xy)[xa+(y) M]1=0
d d
) 2y-2x") (sec? ) () = == sec” xy))
x=—""
(x+y)* Q:—l—yseczxy
)c(x+y)2=y—xQ dx xsec” xy
d o Q——fcoszxy—f
xd—y=y—x()c+y)2 dx X X
by
dy _y—x(x+y) _y 2 8. X+siny = xy
—= ==—(x+y)
e xx L+ Lsiny) =L ay)
Alternate solution: dx dx dx
d d
2_X—y 1+cos ) 2 =x 2+ (»)
Xty Zx dx
Y __
xz(x+y)=x—y (cosy x)dx I+y
Hxty=x-y ﬂ: —l+y _ -y
d d d d dx cosy—x x—cosy
)+ () = ()= ()
dx dx dx dx d d
2, .2,_ @
3x2+x2%+y(2x)=1—% 9. Ly =—-(13)
dy dy
2. n\Y _q_13,2_ 2x+2y—=0
(x +1)dx 1-3x"—2xy X ydx
dy 1-3x" 21y y__x 2.2
I 2.1 d« 'y 3 3

dx X241



10. (P +yH=—09
dx(x ) dx()

2x+2yﬂ=0
dx

d_x 0,
dx y 3

KPR ST N
I @ =D +(=D)=—(3)
2(x—l)l+(2(y—l)l)@=0
dx

dy _ x-1 3-1_ 2

e y-1" 4-1 3
12 —(x+2) " +(y+3))=—25
dx((x ) +(y+3)7) o

2(x+2)1+(y+ 3)1)Q =0
dx

dy x+2 142 3
dx  y+3 —7+3 4

13. - - =—
dx(x y=x°) dx( )
2 2. dy
2xy—y " +(2xy-x7)——=0
dx

dy _ 2y

dx 2xy— x>

>

defined at every point except where x =0 or y = %

14. %(x) = %(cos y)

. dy
l=—siny—
ydx
dy__ 1
dx siny’

defined everywhere.

15. (P +yH="
dx(x ) dx(xy)

dy
3% —y=(x-3y*) =
y={ Y )dx

Q_3x2—y
dx x—3y2’

defined everywhere except where y* = %

Section 3.7

16. i(x2 +4xy+4y* —3x) = i(6)
dx dx

2x+4y—3+(4x+8y)%=0
dy 3-2x-4y

dx 4x+8y

defined everywhere except where y = —%x
17. x2+xy—y2:1
d o, d d o, d
— +—(xy)—— =—(
dx(x) dx(xy) dx(y) dx()
dy dy
2x+x—+(D)-2y—=0
o XD Y
-2 D = oy
dx

@_—2x—y_2x+y

dx x-2y B 2y—x
22)+3 7

Slope at (2, 3): -
opeat(2.3): 5 o=y

7 7 1
a) Tangent: y=—(x—2)+3 =—x——
(a) Tangent: y 4(x )+3ory PR

4 4 29
b) Normal: y=——(x—-2)+3 =——x+=
(b) y 7(x )+3ory St
18. X +y?=25
d 2 d 2 d
—x7)+— =—(25
dx( ) dx(y) dx( )
2x+2yQ=O
dx
H__x
dx y
3 3
Slope at (3,—4):——=—
peat (3, —4):-— =7
(a) Tangent: y=%(x—3)+(—4) or y:%x_%s

(b) Normal: y=—%(x—3)+(—4) or yz—%x
19. x3y?=9
d 5. d
el =—(9
dx(x o) dx( )
d
e roHen=0
dx

dy 2
24ty =2
Yo =2
dy_ 20’y
dx 2x2y X

Slope at (-1, 3): —i] =3

(a) Tangent: y=3(x+1)+30or y=3x+6

1 1 8
b) Normal: y=——(x+1)+3 —— x4
(b) y 3()c ) ory 3x 3

131
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20. ¥y —2x—4y-1=0

d, o, d d d d
— -—Q2x)——@y)-——DH=—1(0
dx(y) dx(x) dx( ) dx() dx()
2yﬂ—2—4ﬂ—020
dx dx
dy
2y—4)—=2
2y )dx
dy 1
dx y-2
1
Slope at (-2, 1): ——=-1
peat (-2, 1):—
(a) Tangent: y=—(x+2)+1lory=—x—-1

(b) Normal: y=1(x+2)+1lory=x+3

21. 6x2+3xy+2y* +17y—6=0

4 6+ L 4oy Lary-Le=2
6+ Gt -2y (17y) = (6)=-(0)

dy

—=0=0
dx

dy dy
12x+3x—+@y)(H)+4y—+17
I GBy@) Y i

dy dy ﬂ=—12x—3y
X

3x—+4y—+17
dx dx d.

(3x+4y+17)ﬂ= —12x -3y
dx
dy —12x-3y

dx  3x+4y+17

Slope at (1, 0): —2CD=3(0) _12_6
(-D+4O0)+17 14 7

(a) Tangent: y:g(x+l)+0 or y:%x+g

7 7 7
b) Normal: y=——(x+1)+0 = y_=
(b) y 6(x ) ory 6x o

22. -y +2y2 =5
d a2 _ 4 d, 2_4d
D=3 ) +2 D)= (5)
2B L - Boxn+4yL =0
dx dx

(—x\/§+4y)§ = y\/§—2x
X

dy _ y\/§—2x
dx  —x/3+4y
Slope at (+/3, 2):%:0

(a) Tangent: y =2
(b) Normal: x = \/5

23. 2xy+msiny =271

d d . d
2£(xy)+ﬂ£(smy)—a(2ﬂ)

2xﬂ+2y(1)+7rcosyﬂ:0
dx dx
(2x+71:cosy)ﬂ=—2y
dx
dy___ 2y
dx 2x+mcosy
Slope at I,E :—%:—E
2 2(1) + mcos(m/2) 2

(a) Tangent: y:—g(x—l)+§ or y:—§x+7r

(b)Normal:y:E(x—l)+E 0ry=zx—%+£
T 2 T T 2
24. xsin2y=ycos2x

4 sin2y =24
E(xsty) = dy (ycos2x)
(x)(cos 2y)(2)ﬂ+ (sin2y)(1) =

dx
(y)(=sin2x) (2)+(cos 2x)(dy)

dx
@ _ D oy sin2x—si
(2xcos2y) I (cos2x) I 2y sin2x —sin2y

dy  2ysin2x+sin2y
dx 2x cos2y—cos2x

Z(E)sin(gj+sin(ﬂ:)
EE)._ 2) \2

Slope at
42 T b
2| — |cos(m)—cos| —
4 2

=2

__ (mO+0
T
l 2 -1D)-0

(a) Tangent: y = Z(x —Zj+7zt ory=2x

1 | n 1 5m
b) N Ly=——[x——[+= = —x+—=
(b) Normal: y Z(x 4) 5 ory zx 3

25. y=2sin(zx—y)
dy

o = %ZSin(ﬂ:x -y)

% =2cos(mx — y)(n— Zi)

[1+2cos(mx — y)]% =2mcos(mrx—y)
x
dy  2mcos(mx—y)

dx  1+2cos(mx—y)

27T COs 27(-1
Slope at (1, 0): 278 _ 272D

1+2cosm  1+2(-1)

(a) Tangent: y=2n(x—-1)+0 or y=2nx—-27

1 X 1
b) Normal: y=——(x-1)+0ory=——+—
® g Zﬂ(x ) Y T o
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26. x*cos® y—siny=0 4 l [y]m]
i(x2 cos? y)— i(sin y)= i(0) dx X
dx dx dx -2/3
1y d
2 . dy 2 dy =——|Z il BEA
(x7)(2cos y)(—siny) . +(cos” y)(2x) — (cos y)a =0 % i
-2/3
1 - 1
-(2x* cosysiny+cosy)ﬂz—2xcos2y __Yy Xy (2Y)( )
dx 3\ x x
dy _ 2xcos®y _ 2xcosy y 113
dx  cosy+2x’cosysiny 1+2x7siny ]—(x) o R
2 s =Ty an s
Slope at (0, 77) : ng.ﬂ =0 32/3 1)53 y
1+2(0)"sinm :lx Wity
(a) Tangent: y=r 3 x4,
(b) Normal: x =0 _ X234 y23
3313

27. tyi=1 .

d d d Since our original equation was x~~ +y~~ =1, we may
2 2

— +— =—(

07 =) .

substitute 1 for x*3 + y2/3, giving y” =

2x+2yy'=0 354313 :
2yy’=-2x
y'——i 29. y2=x2+2x
Yy d d d
ol [_x) a(y2>=a(x2>+a(2x)
dx\ y 2y’ =2x+2
__ (D=0 yo Xtz _x+l

y? 2y y

x ,,:i x+1
- yedfe)
i _OO=G+Dy
2

Xyt y )
== X+
Y y=(at 1>(y)
Since our original equation was 2y =1, we may = y2
1 2 2
substitute 1 for x>+ y?, giving y” = - _y —(+D
E
28 RTC - TE Since our original equation was y? = x2 + 2x, we may write
o ) Y . 2= (x+1)2 = (x2 +2x)— (x2 + 2x +1) = -1, which
23 2/3
L . I
o T gives y=——.
Ex—m 4 2y—1/3y, -0 X y
3 3 30. y"+2y=2x+1
—~1/3 /3 d d
=X Y (P +2y)=—(2x+1
Y y 13 (x] Ix (" +2y) alx( )
Qy+2)y'=2
, 1
e

:y+1
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30. Continued

b_d 1
dx y+1
=—(y+D7?y
1
=—(y+D7? —
(y+1) (y+]
1
+1)°
3L ﬂz d K4 2)((9/4)71 _ 2x5/4
dx dx 4 4
3. ﬂ: ix*3/5 _ _éx(—S/S)—l _ _EX—SIS
dx dx 5 5

33, ﬂzig/;zixVS:lx(I/S)—l =lx72/3
dx dx dx 3 3

34, dy _ iﬁ/; - ixl/‘l - lx(1/4)fl _ lx—3/4

dx  dx dx 4 4
35 D i(2x +5) 72 = —l(2x+5)(7”2)71 i(2x +5)
dx dx 2 dx
= —%(2;: +5772)=-2x+57"
36, Y- i(1 —6x)*3
dx dx
2 d
=Z(1-60)*V"—(1-6
3( X) dx( X)
= %(1— 6x)""(=6)
=—4(1-6x)"
dy d ( 5 )
37. —=—|xVx“+1
ax a7

—x 4 +\/x2+1i(x)
dx dx

B LRI
dx

=xe %(ﬁ +)72x)+ (P + )"

:x2(x2+1)—1/2+(x2+1)1/2

2% +1
Note: This answer is equivalent to =S
Vxi+1
(x? +1)“2ix—xi(x2 +DV2
38 ﬂ — i X — dx dx
dx dx\/x2+1 X241

P+ —x. %(x2+ ™" (2x)

x2+1

_ x2+1-x?
@2+ +p"?

- (x2 +1)3/2
_ (x2 +D—3/2

39.

40.

41.

42,

ﬂzi(l_xwz)l/z
dx dx
=l(1—x”2)’”2 i(l—xl/z)
dx

2

1 vav12| 1 i
—_ 1_ P
=—1-x") > X

_ _i(l_xl/z)—uzx—uz

ﬂzis(zx—lﬂ_i_l)—lﬂ
dx dx
__ (2x’1/2+1)’4/Si(2x’1/2+1)
dx

B S L | AT e
= V212 gy

& = i3(csc x)¥?
dx dx
9 1 d
=—(csc —(csc
2 (cscx) I (cscx)
= %(cscx)”z(—cscxcotx)
9 3/2
= —5(cscx) cotx
% = % [sin(x + 5P

= %[sin(x +5)74 :—xsin(x +5)

= %[sin(x +5)]"4 cos(x +5)

43. (a) If f(x) = %XZB -3, then

f/(x) — x7|/3 andf”(x) — _%x*4/3

which contradicts the given equation f”(x)=x"".
g q .

b If f(x)= %x” —7, then
f(x)= %xm and f”(x) = x~Y3, which matches the

given equation.

(c) Differentiating both sides of the given equation

. 1 _ .
Frx)=x"" gives f”(x) = —gx 4350 it must be true
that £”(x) = —%x*‘”%

@If f(x)= %x“ +6, then f”(x)=x""3 which matches

the given equation.

Conclusion: (b), (c), and (d) could be true.



44. (a) If g'(t) = 4%/t — 4, then

_ 1 .
¥4 — _—_ which matches

” d 1/4
H=—@4t"=4)=t7" = )
O] dx( ) i

the given equation.
(b) Differentiating both sides of the given equation

1 . 3 _ Lo
g’ = =7 = 4 gives g”(t) = ——t 74 which is not
t 4

. . 4
consistent with g”(¢) = —E.

©Ifg=t-7+ ?ﬁ"‘, then

1 .
g'(t)=1+41"" and g”(1)=17"* = -, which matches
t

the given equation.
@If g’ = ir"“, then g”(r) = %f‘"‘, which contradicts
the given equation.

Conclusion: (a) and (c) could be true.

Y=y x?

45. (a)
PN AP N A
dx(y )—dx(y) i
dy dy
4y L =2y 2
Y dx ydx *

4y 2P = oy
dx
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(b)

[-1.8, 1.8] by [-1.2, 1.2]
Parameter interval: —1<¢<1

Y@2-x=x’

[¥e-n]-L o

46. (a)

da

dx
d

OO+ -2y 2 =34
dx
2y(2—x)ﬂ =322+ y2

dx
Q _ 32+ y2
dx  2yQ2-x)

2 2
Slope at (1, 1): %z%: 2

Tangent: y=2(x—1)+1lory=2x-1
1 1 3

Normal: y=——(x—-D+lory=——x+—
y 2(x ) y 2x 2

x3

(b) One way is to graph the equations y =+ —x
-Xx

47. (a) (—1)3 (1)2 = cos(7r) is true since both sides equal —1.
(b) x’y? =cos(my)
@) =4 cos ()
d . d
@2+ (37 (Bx?) = (=sinzy) (1)
dx dx

. d
x’y+msin ﬂy)d—)yc =-3x2y?

dy_ 3yt
dx  2xy+msinmy
3=’y -3

Slope at (~1,1):——5 _3.3
2-1’()+xsinxr -2 2

The slope of the tangent line is %

48. (a) When x=2, we have y* —2y=—1, or y° =2y +1=0.
Clearly, y = 1 is one solution, and we may factor

y3 —2y+las(y— 1)(y2 + y—1). The solutions of

12 =41 =1)  —1£45

2
+y—1=0arey= =
y +y y 20 >
—1-+5

Hence, there are three possible y-values: 1, >

“1++5

and .
2
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48. Continued 50.

(b) Y -xy=-1

xz+xy+y2 =7
d d d d
— (@)= + () =—-(D
d 3)_i( ):i(—l) dx dx dx dx
dx(y dx w dx

2x+x?+(y)(1)+2y%: 0
3y%y —xy = (D=0 o

d
(3y2—x)y':y (X+2Y)?1=—(2X+Y)
y = y ﬂ _ 2x+y
3y —x dx x+2y
n_d y
= ; 32 (a) The tangent is parallel to the x-axis when
Vi —x
d 2x+
Gy -0 - (X6yy ~ 1) =T =0 ory=2x.
= (3y2 gy X x+2y
g2y Substituting —2x for y in the original equation, we have
Y- Xy —3yy
=T oo X +xy+y =7

22+ (N=2x)+(=2x)2 =7

Since we are working with numerical information, there ) ) )
X =2x"+4x" =7

is no need to write a general expression for y” in terms

2 _
of x and y. 3=
To evaluate f’(2), evaluate the expression for y” using r=+ \/7
x=2andy=1:

3
f*(2)=3(1)+_2:%=1 The points are (—\/Z, ZJZJ and (\/Z,—Z\/ZJ.

To evaluate £7(2), evaluate the expression for y” using (b) Since x and y are interchangeable in the original

x=2,y=1,andy' =1:

(1) = 2(1) = 3()*(1) _ -4 equation, % can be obtained by interchanging x and y

@)= =4

[3(1)* 21 1 2
in the expression forﬂ . That is, dx S . The
49. Find the two points: dx dy  x+2y

The curve crosses the x-axis when y = 0, so the equation

is parallel to the y-axis when = 0
becomes x2 +0x +0="7, or x2 = 7. The solutions are tangent 15 parallel to the y-axis when P or

Y

x =%v7, so the points are (i'\ﬁ »0). x =—2y. Substituting —2y for x in the original equation,
Show tangents are parallel: we have:
ey +yr=7 Caxyryi =7

4y Lo Loy
OO+ )+ () = (D)

2
(297 +(=20) (M) +y* =7
4y* —2y* +y* =7
2

2x+xﬂ+(y)(1)+2yQ=O 3y" =7
dx dx 7
dy =+ \/7
+2y)—=—2x+ y==
(x+2y) I (2x+y) 3
dy  2x+y 7 |7 7 |7
dx x+2y The points are (—2\/;, \/; and 2\/;, —\/; .
Slope at (ﬁ ,0):— 2\/7) +0 = Note that these are the same points that would be
\/7 +2(0) obtained by interchanging x and y in the solution to
sl .0y -2dD0 prt (4
ope at (—V7,0):- _ﬁ+ 2(0) T 51. First curve:
2 2
The tangents at these points are parallel because they have 2x+3y" =5
the same slope. The common slope is —2. i(2x2) + i(3y2) - i(5)
dx dx dx

4x+6yﬂ= 0
dx
dy _ _4x_ 2x
dx 6y 3y



51. Continued

Second curve:

y2:x3

d ,_d 3
dxy _dxx

dy 2
2y—=3
ydx *

dy 3¢
dx 2y

At (1, 1), the slopes are —% and % respectively.

At (1, —1), the slopes are % and—% respectively. In both

cases, the tangents are perpendicular. To graph the curves

and normal lines, we may use the following parametric
equations for—z <t < 7:

. 5 5.
First curve: x = E cost,y= E sint

Second curve: x = %/172, y=t

Tangents at (1, 1): x=1+3t,y=1-2¢
x=1+2t,y=143¢

Tangents at (1, —1): x=1+3t,y=—-1+2¢

x=1+2t,y=-1-3¢

[-2.4,2.4] by [-1.6, 1.6]

52, v()=5"(t) = 1(4 +60)%% = é(4 +60)"%(6)
dr 2

=94 +6n"?
a(t)=v'(t) = i[9(4 +61)"?]
dt

= %(4 +61)72(6)=27(4+ 617"

At t =2, the velocity is v(2) = 36 m/sec and the acceleration

is a(2)=%m/sec2.

53. Acceleration = L = i[8(s -n" 41
dt dt

:4(s—t)“’2(zj—1)

=4(s-0""? w-1
=4(s—0)""? [B(s—)"> +1)—1]
=32(s—0)"? (s—n)?

=32 ft / sec?
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yh o4yt = xt oy

d oy d g0 d o4 d o
o) @y =— ()=~ (0x)

dy dy 3
4y 8y~ =4x —18x
Y dx ydx

dy _4x’—18x _2x’—9x

dx 4y -8y 2y’ -4y
23)°-93) _27
202°-42) 8
2-3°-9(-3) _ 27
20207 -42) 8
2(-3-9(-3) 27
224D 8
23°-93) 27

Slope at (3,2):

Slope at (=3,2):

Slope at (-3,-2):

Slope at (3,-2):

55. (a) L4y —9xy=0

d, 5 d, 5 _d d

=)+ -9=—()=—(0

dx(x) dx(y) dx(xy) dx()

dy

dx

(3y2—9x)@=9y—3x2
dx

3x2+3yzﬂ—9x -9 M)=0
dx

dy 9y-3x" 3y-x’

dx 3y2 -9x y2 -3x
32)-4)?° _-10_5
(2°-34) -8 4
34)-(2° _8 _4
4?*-32) 10 5
(b) The tangent is horizontal when

2 2
ﬂ: 32) ol =0, oryzx—.

dx y —3x 3

Slope at (4,2):

Slope at (2,4):

2
X . .- .
Substituting 3 for y in the original equation, we have:

x3+y3—9xy=0
2\ 2
S| ] —ox| X [=0
3 3
6
Cro3r=0
27

3

X 3
—(x"=54)=0
27(x )

x=00rx=§/5—4:3%/§

2
Atx=0, we have y = % =0, which gives the point

(0, 0), which is the origin. At x =332, we have
y= %(3%/5)2 = %(9%/1) = 33/1, so the point other

than the origin is (3%/5 ,35/1 ) or approximately
(3.780, 4.762).
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55. Continued

(c) The equation x3 + y3 —9xy is not affected by
interchanging x and y, so its graph is symmetric about
the line y = x and we may find the desired point by
interchanging the x-value and the y-value in the answer

to part (b). The desired point is (3*\3/2 R 33/5 ) or
approximately (4.762, 3.780).
56. X2 +2xy-3y2=0
L2 =S @ = 0)
2x+ 2xﬂ+ 2(y)(1)—6yﬂ =0
dx dx
(2x—6y)ﬂ =-2x-2y
dx
dy 2x-=2y x+y
dx 2x—-6y 3y—-x
+1

31)-1
lineisy=-1(x—D+1lory=—x+2.

2
At (1, 1) the curve has slope = 5 =1, so the normal

Substituting —x + 2 for y in the original equation, we have:
x2 +2xy—3y2 =0
X +2x(-x+2)=3(-x+2)* =0
x? = 2x% +4x-3(x* —4x+4)=0
~4x* +16x-12=0
—4(x-1)(x-3)=0

x=lorx=3
Since the given point (1,1) had x = 1, we choose x = 3 and
s0 y=—(3)+ 2 =—1. The desired point is (3, —1).

57. xy+2x—y=0
d d d d
— +—Q2x)——((y)=—1(0
dx(xy) dx(x) dx(y) dx()
dy dy
—+(D+2-—=0
X 620 I
dy
B N A, T
(x )dx y
dy 2-y 24y
dx  x-1 l-x

Since the slope of the line 2x + y =0 is —2, we wish to find
points where the normal has slope -2, that is, where the

tangent has slope % Thus, we have

2+y 1
I-x 2
2Q2+y)=1-x
442y=1-x
x=-2y-3

Substituting —2y -3 in the original equation, we have:
xy+2x—y=0
(-2y-3)y+2(-2y-3)-y=0
—2y?-8y-6=0
2(y+1)(y+3)=0
y=—lory=-3
Aty=-1,x=-2y-3=2-3=-1.
Aty=-3:x=-2y-3=6-3=3.
The desired points are (-1, —1) and (3, -3).
Finally, we find the desired normals to the curve, which are
the lines of slope —2 passing through each of these points.
At (-1, —1), the normal line is y=—-2(x+ 1) -1 or
y=-2x-3. At (3, -3), the normal line is
y=-2(x-3)-3ory=—-2x+3.

58. X = y2

The normal line at (x, y) has slope —2y. Thus, the normal
line at (b, b) is y = —2b(x —b>)+ b, or y=—2bx +2b> +b.

2b3+b=b2+1

2b 2

This line intersects the x-axis at x =

il

which is the value of a and must be greater than% iftb#0.

The two normals at (b%, +b) will be perpendicular when

they have slopes 1, which gives

1 1
—2y=zxlory= iz(or b= izj. The corresponding value

2
1 1 1

ofaisb’+—=|—-| +== é Thus, the two nonhorizontal
2 \2 2 4

. 3
normals are perpendicular when a = v

59. False.
d 2 d
— +x)=—A0
o (xy” +x) dx( )

y2+1+2xy@=0
dx

dy -l-y -1-1 _
211
2

-2

il

dx 2xy

60. True. By the power rule.
y="

dy _d 3 _1 o5 _ 1

dx dx(x) B 3x T 3,23




61. A. — (T —xy+yH)=—(
dx(x xy+y©) dx()
dy
2x—y+(=x+2y)—=0
dx
Q_y—2x
dx 2y-x
2 —_—

62.A dy_dfy=2x) d
dx dx\2y—-x) dx
-3y+3x |,
=000
(x=2y)

____ 6
Q@y-x)’°

63.E. i(y) =—x"

64.C. i(y2 -x%)= i(1)

dx dx
—2x+2yﬂ=0
dx
dy_x_1
dx 'y 2
2 2
X y
65. (a) —+—=1
a* b

b2x% +ay? = a?b?
d 22 d 55 d 5,
—(b +— =—:(a’b
dx( x7) dx(ay) dx(a )
2b2x+2a2y@=0
dx
d__ 2w b
dx  24%y %y
2

X

The slope at (x;, y,)is — 5

a’y,
2x

The tangent line is y— y, = —Tl(x —x,). This gives:
a’y,

azyly— azyl2 = —blex + blez
a2y1y+ blex = azyl2 + blez.

But azyl2 + blez = a®b? since (x,, ;) is on the ellipse.

Therefore, a’y,y+b°x,x = a’h*, and dividing by

2.2 . KX VY
a“b gives——+—-=1.
a b

Section 3.7

2 2
Xy
(b) —-==1
a* b
b2x? —a?y? = a?p?
d 22 d_ 55 d 5,
—( -— =—:(’b
dx( x7) dx(ay) dx(a )
2b2x—2a2yﬂ=0
dx
dy_ s
dx 24’y d’y
2

The slope at (x;,y,) is %
a’y,
2x
The tangent line is y— y; = ———(x = x,).

a’y,
This gives:
azyly— azyl2 = blex - b2x12
ble2 - azyl2 = blex - azyly
But blez - azyl2 = a®b? since (x;,¥,) is on the
hyperbola. Therefore, blex —-a? ny= a*b?, and

dividing by a’b’gives ™~ % -1,
a

66. (a) Solve for y:

2 2
X
=l
a b
y2 x2
e
y2_72(x2 az)
a
b

139
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Section 3.8 Derivatives of Inverse
Trigonometric Functions (pp. 165-171)

Exploration 1 Finding a derivative on an
Inverse Graph Geometrically

1. The graph is shown at the right. It appears to be a one-to-
one function

7

/

[-4.7, 4.7] by [-3.1, 3.1]

2. f’(x)=5x*+2. The fact that this function is always
positive enables us to conclude that f'is everywhere
increasing, and hence one-to-one.

3. The graph of f~!is shown to the right, along with the
graph of f. The graph of f~!is obtained from the graph
of f by reflecting it in the line y = x.

1=

" ¥

[-4.7, 4.7] by [-3.1, 3.1]

4. The line L is tangent to the graph of f ~Lat the point (2,1).

L e —
_'—'—"'-P/—

[-4.7, 4.7] by [-3.1, 3.1]
5. The reflection of line L is tangent to the graph of f at the

point
j 1,2

[-4.7,4.7] by [-3.1, 3.1]
6. The reflection of the line L is the tangent line to the graph
dy

X

of y= x°+2x—1atthe point (1, 2) . The slope is
which is 7.

7. The slope of L is the reciprocal of the slope of its reflection

. A Ax .1
since —> gets reflected to become — |. Itis —.
Ax Ay 7

S| =

at x=1,

Quick Review 3.8

1. Domain: [—-1,1]

T
Range: [——, —

Acl: X
2

2. Domain: [-1, 1]
Range: [0, 71.']
At 1:0

3. Domain: all reals

T T
Range: | ——, —

Ac1:E
4

4. Domain: (—eo, —1JU[L, o)

T T
R 10, — —,
ange |: ZJU(Z

At 1:0

5. Domain: all reals
Range: all reals

At 111
6. f(x)=y=3x-8
y+8=3x
x:y+8
3
Interchange x and y:
_x+8
3
—1 x+8
X)=
frw==
7. f(x)=y=3x+5
y3=x+5
x=y =5
Interchange x and y:
y=x3—5
ff=x-5
8
8. fx)=y=—
X
8
xX=—
Yy

Interchange x and y:
y =

=

= oo |00
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9. f(x)= _3x=2 6.@=i(sx/1—s2)+i(cosfl 5)
X ds ds ds
xy=3x-2
(y—-3)x=-2 —(S)[ J( -25)+(V1-s" Y1) -
_ 241—- 1-s2
. 2 2 )
y=3 3-y ___S +,/1_ 2__ 1
Interchange x and y: V1-s? 1-5°
_ 2 =S+ (1-s7)-1
y_35x 1—S2
fl(x)=7 _ 2s?
3—x = >
1-s
X
10. = y=arctan —
flo=y=artan 7. P-4 i o+ Lm0
dx dx dx
tarly:i —E<y<ﬁ 1 1
372 2 =(x)[ J+(sin] x)1) + ———(-2x)
x:3tany,—ﬁ<y<ﬁ Vi-x? 2412
2 2 =sin"' x
Interchange x and y:
dy | -1
y=3unz - Eere” B e g @)
f_l(x)=3tanx,—%<x<§ =—{sin”' (2x)] > ——sin~' (2x)
dx
. _ 1
Section 3.8 Exercises =—lsin”' 20 4 7P
—4x
dy d 1 d 5 2
1. —=—cos” (x )= ————(") ==
dx dx /1—(x2)2 dx [sin~' 2x) V1 —-4x?
1 2
=— 2x)=- a 9. x(t)=sin"! (tj
\/1—x4 \/1—x4 4
.- t
ydv_d (11 af1 ymsnlu =t
Tdx dx X 1 2 dx\ x . du 1
1_[XJ siny=u pay
| ( 1 J i(siny)—iu
S S u u
2 /
x ‘x‘ x* - cosyﬂzl
-] = du
X dy 1
du_cosy
dy —1 \/_
3. = sm \/—1—7—(\/—0 i _ 1 du
di J1-2r? @ Vi-212 S 0=—
1
v d N0 R —
4. = =—sin'(1-1)=——— —(l—t) 4N1-12/16
dt dt 1- (1- t)2 dt | \/7
V@) =——F—=—
S 4fi-9s16 7
/ 2
2t—1t 10. See Problem 9.
5 dy _d g _1 - uzﬁ
“ar i 3 dz 2 J 4
1-|= au _ 1
(2) dt 8\t
= (_3):_ 2 V(t)zsf\nl /16
9t Wit -9 Nt
1-= 1 B

4)=—— - N2
v sva1-4/16 24

141
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11.

12.

13.

14.

15.

x(t):tan_l
y=tan™
d d
—tany=—t
dt dt
d
2 4y
sec” y—=
ydx
dy 1 _ 1
dx sec2y 1+(tany)2
1
1+12
Q)=
1+2
1
5

See problem 11.
x(1)=

1+72
2(1)

1+(1)? -

x()=

dy

_ 4 e 2s+1)
ds ds

i
\2s+1\\/(2s+1) 1 ds

25+1] \/4s2 +4s

(25 +1)

1
‘2s+1‘\/s2 +5

@ _ isecq S5s = 71
ds  ds \ss\ \/(SS) |s]v255% ~
dy_d x> +1)
dx
=- —(x +1)
2+ 1\\/(x +12-1d
B _ 2
e +1)\/x 20 (A2
Note that the condition x > 0 is required in the last step.
dy d _1 x
Tdx dx

F”

‘x‘\/x -4

Note that the condition ¢ > 0 is required in the last step.

18, Y2 ict*\f— 2d\f
dt 1+ ()2 dt
-
Wi +1)
0. Y Lo 4
dt dt 1+(t=1)?* dt

:_(1+;—1J[2J,1__1]:_2t\/1t?

d_d 277 4

20. = s°—1——sec s
ds ds ds
1
= (2s)—
24s? -1 ‘s‘\jsz—l
sls|-
‘s‘ s2-1

21. b _ i(mn*1 Vx2 - 1)+i(csc*1 x)
dx dx dx

1 d 1

= W)
1+ (a2 —1)* dx Va2 -1
11

= (2x)
X 2 x* -1 ‘x‘\/x -

xx/x -1 ‘ ‘\/x -1

Note that the condition x > 1 is required in the last step.

2 D d(cot_l l]—d(tan_l x)
dx

dx dx

X

J_ 1
1+ x?

The condition x # 0 is required because the original
function was undefined when x # 0.



23. y= sec™ x

dy _ 1
dx secy tany
dy _ 1

e [x? 1

V@)= =
Wa-1 243
y(2)=sec™!2=2.203

y=0.289(x —2)+2.203
y=0.289x +1.625

=0.289

24, y=tan"'(x)

1+x2

1
Y'(2)=
1422

ooy L
y'(2)= 5
y(2)=tan"'(x)=1.107

y=é(x—2)+l.107

y= éx+0.707

25. y=sin"' X

=sin"'u u—i
Y 4
siny=u ﬂ—l

Y dx 4

d . d
a(sm y)= 4 u
dy

cosy—=1
ydu
dl_ 1
du cosy

Section 3.8

4 1-=
y'(3)=0.378
y(3)=sin™" (ZJ =0.848

y=0.378(x—3)+0.848
y=0.378x-0.286

26. See problem 24.
2

U=x
@:2x
dx
I du
1+u? dx
2x
1+ x?
_ 2
1+(1)?

=1
y(1) =tan”' (1)’
y(1)=0.785
y=1(x—-1)+0.785
y=x-0.215

27. (a) Since ? =sec? x, the slope at (Z 1) is sec’ (n] =2.

x 4

The tangent line is given by

T T
=2l x—— |+Lory=2x=—+1.
y=2( x5 ooy =2e-

2’ 1+12 2

1 1 1
(b) Since Zy the slope at (I,Z}s —.

7)6 B 1+x
The tangent line is given by x #0.
28. (a) Note that f”(x)=5x* +6x> +1. Thus f (1) =3 and
£ (=12

143

(b) Since the graph of y = f (x) includes the point (1, 3) and
the slope of the graph is 12 at this point, the graph of

y= f_l(x) will include (3, 1) and the slope will be % .

Thus, f_l(3) =1land (f" Y(3)= % (We have assumed

that f _l(x) is defined and differentiable at
x =3. This is true by Theorem 3, because

£7(x) =5x% +6x2 +1, which is never zero.)
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2 and 4. Thus fis differentiable at every point on the 33. 7
interval (—eo, o) and f ’(x) is never zero on this interval,
so fhas a differentiable inverse by Theorem 3. =0- itan’l (x)
(b) £(0)=cos0+3(0)=1: ‘{x
f(0) =—sin0+3=3 =-— 5
(c) Since the graph of y = f (x) includes the point (0, 1) and I+x
the slope of the graph is 3 at this point, the graph of

29. (a) Note that f’(x) = —sin x + 3, which is always between d - d ( T tan_l(x))

1 34. icsc_l (x)= d(ﬂ —sec”! (x)]
y= £ () will include (1. 0) and the slope will be . dx dx\ 2

1 = O—isec’l (x)
Thus, /' (D=0 and (f 'Y (D) = 3 dx

1
30. a1
/\

N7 35. True. By definition of the Function.
36. False. The domain is all real numbers.
[=2m. 28] by [~4.4] 37.E. isin_l X
(a) All reals dx 2
T T _ X
b) [-—, — =sin! ==
(b) |: 5 2:| y=sin" x u=>
T siny = @ = l
(¢) At the points x = k?’ where k is an odd integer. y=4X dx 2
d
d —siny=—
@ Ao
dy
cosy—=1
Y dx
d_ 1
dx cosy
-1 1 du
4 I sin” u= =7
(e) f'(x)=-—sin""sinx) 1-u
dx . 1 1 1
—sin" u= =
1 d . dx X 2
=—F————S8Inx 1-=
1-sin®x 2
_ cosx _ 1
V1-sin® x 4-x°
which is + 1 depending on whether cos x is positive or d
negative. 38.D. Etan (3x)
1
31.(a) v(r)= d—x =—— which is always positive. y= tan"" u u=23x
dr 1+¢
dv 2t L. . itanyziu @=3
(b) a(t)y=—=- - Which is always negative. du du dx
dt A+1%) , dy
sec” y—=1
©Z e
2 dy _ 1
dx sec2 y
32. icos_l(x) = a4 T_ sin”' x 1
dx dx\ 2 =
1+ (tan y)
=0———sin” (x) 1 du
1 B 1442 dx
== 3
1-x2



39. A. isec*‘(xz)
dx

y=sec_1u u=x2
d d
—(secy)=—u du=2x
du( V) du
dy
secytany—=1
y ydu
dy_ 1
du secytany
d_ 1
du 4 u2_1dx
_ 2x
w2xt -1
2

xxt -1

40. C. itauf'(zx)
dx

See problem 38.
u=2x
du_,
dx
I du_ 2
1+u? dx  1+4x°
_ 2 2
1+4(1)* S
T
41.(a) y=—
@y 5
T
b) y=——
(b) y 5
1
(¢) None, since itan_lxz 5 #0.
dx I+x
42.(a)y=0
b)yy=m
1
(¢) None, since icot"lxz— 3 #0.
dx 1+x
T
43.(a) y=—
@y 5
T
b) y==—
(b) y 5

. d -1 1
(¢) None, since —sec” x = ——=#0.
dx ‘x‘\/xz -1

44. (a) y=0
(b)y=0
(c) None, since icsc’I x= L £0.

dx ‘x‘\sz—l
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45. (a) None, since sin”! x is undefined for x > 1.

d . _
(¢) None, since d—sm x=

(b) None, since sin”! x is undefined for x < —1.

1
! #0.

X 1-x2

46. (a) None, since cos ! x is undefined for x > 1.

47.

48.

. d _
(¢) None, since —cos™ x =—

dx
(a)
1
X

(b) None, since cos ! x is undefined for x < —1.

I 1

#0.

1-x?

\

a=cos ' x, B= sin”'x

_ - T
So cos™! x +sin 1x=a+ﬁ=5.

\

(b)
X
[ ]
1

o=tan""x, B= cot™' x

_ _ T
So tan™! x + cot 1x=a+ﬁ=5.

(c) '
X
[ ]
1
1

a=secx, B=csc x

\

_ _ b4
Sosec™! x+csc 1x=a+ﬁ=5.

B
C

The “straight angle” with the arrows in it is the sum of the
three angles A, B, and C.

A is equal to tan~! 3 since the opposite side is 3 times as
long as the adjacent side.

B is equal to tan~! 2 since the side opposite it is 2 units and
the adjacent side is one unit.

Cis equal to tan~' 1 since both the opposite and adjacent
sides are one unit long.

But the sum of these three angles is the “straight angle,”
which has measure 7 radians.
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49. N - T 3. In(e™)=tanx
\\\ 2
\\Foldl 4. 1n(x2—4)—ln(x+2)=111x 4
N X
N
_______:\ _______ d! :ln(x+2)(x_2):ln(x—2)
Fold2 . _-~ T x+2
P 5. log,(8"%) = log, (2%)*S =log, 2% =3x~15
~" Fold 3 N l
. ° RNl o log,x® _15log,x _15_5
. = =—=—,X
If 5 is the length of a side of the square, then log, x> 12log,x 12 4
s -1
tange="=1, 50 &x=tan"" I and 7. 3Inx—1In 3x+In(12x%) = In x* = In 3x + In(12x?)
tan f="=2,50 f=tan"' 2. i 28
s 3x
2
From Exercise 34, we have 8 3=19
y=m-oa-B=m—tan"' I—tan™' 2=tan™' 3. In 3" =In19
xIn 3=In19
Section 3.9 Derivatives of Exponential and e n19 268
Logarithmic Functions (pp. 172-180) n3
Exploration 1 Leaving Milk on the Counter 9. 5'In5=18
18
1. The temperature of the refrigerator is 42°F, the temperature 5'= ns
of the milk at time 7= 0. 18
. - . In5 =n—
2. The temperature of the room is 72°F, the limit to which In5
y tends as t increases. tIn5=In18—In(n5)
3. The milk is warming up the fastest at = 0. The second t= % =~1.50
derivative y” = —30(n(0.98))%(0.98)" is negative, so
y’ (the rate at which the milk is warming) is maximized at 10. 3 =0y
the lowest value of t. In3*"' = n 2"
4. We set y = 55 and solve; (x+DIn3=x1n2
72-30(0.98)" =55 *(n3-In2)= "1“12 ;
17 xX=—-—"—=-271
(0.98) =— In2-In3
/10(0.98) = In 17 Section 3.9 Exercises
30 N d
17 1L 2oL 0y =2e
In 30 dx dx
t= =28.114 d d d
1n(0.98) 2. Do @2y = o ()= 262
) dx dx dx
The milk reaches a temperature of 55° F after about
. dy _d _._ . d x
28 minutes. 3. —=—e¢ "= —(—x)=—¢
17 dx dx dx
In| — dy d d
dy . n( 30) 4. DL o L sy =5
5. —=-30In(0.98)+ (0.98)". Att =——=, dx dx dx
dx In(0.98)

5 dy _d a3 23 d[2x) 2 o3
dy . . =—ce =e =—¢
o = 0.343 degrees/minute. dx dx dx\ 3 3

X
Quick Review 3.9 6. W _d s _ e d| X)L
In8 dx dx dx\ 4 4
1. logs8=—
7 In5 dy d o d o 2
! N 7. —=—(xe")——(e")=e"—¢
2. 7 =T =7 dx dx dx



10.

11.

12.

13.

14.

15.

16.

17.—

18.

19.

20.

21.

22, —

23.

dy d

! d
@©_ L 2 xy_ Y% X
. (x“e") dx(xe)

dx dx
=(x"Xe") + (" )2x)—

=x%e" +xe* —e*

[(xXe™)+(e" XD

dy_d i _ \/“d(\/—) eNx

d di’ N
D _d oot D2y g6
dx dx dx
b _ d g _giig
dx dx
d d d
& L9 =97 (In 9 (—x) =9 n 9
dx dx dx
b i?)cm = 3% (1n3)i(csc x)
dx dx dx
=3%*(In 3)(—csc x cot x)
=-3"*(In 3)(csc x cot x)
ﬂ_ d

d
eotx _ geotx 3y & o
dx  dx (In 3)7 (cot=)

= 3% (In 3)—csc? x)
= 3% (In 3)cse? x)

dy d 5 1 2
“r 71 — - (2x==
> (%)= d(’”xz”)x
ﬂ=i(lnx)2=21nx—(1nx)=2l”
dx dx
dy —1 1

—1 =—/(-1 =——, x>0
o (x )= (HX) "
dy_d 10 i(11110—1nx) 0-1
dx dx «x X

=—l,x>0

X

iln(lnx):—ilnx o —= !
dx In x dx Inx x xInx
L i(xlnx x)= (x) ! +(nx)(1)—1
dx dx

=l+lnx—-1=Inx

d dInx®> d
D _ 4 og, 2= = (In x)
dx  dx dx n4 de|lln4
~2 12 1
"In4 x x4 xh?2
1IN
dy \/—)_ilnx iz *
dx dx In5 dx In5
D=1t L 5o
T 2In5 dx 2In5 x 2xIns
dy d 1) d 1
2o £ (=1 =—— x>0
dx dx gz(x) dx( 0g; %) xIn2 o

24.

25.

26.

27.

28.

29.

30.

31.

Section 3.9

d d 1 1
D e — “ (o og, X)
dx dx logzx (log Xx) dx
1 [ 1
(og, x)* xIn2  x(n2)(log, x)’
In2

x(In x)2

or —

dy

d d
i = E(an- log, x) = ﬂnZ)a

1 1
=(In2 =—,x>0
(In )(XIDZJ X *
dy

d
—=—1log,(1+x1In3
4 ax e
;—(l+xln3)
(I+xIn3)In3 dx

_ In3 _
(I+x1n3)In 3

(10g2 X)

L X>—
1+xIn3 In3

dy d o d Ine

Ez E(log10 e )= E(xloglO e)= log10 e= m
1
T Inl0

dy d

—=—1In10"

=— (xln 10)=1In 10
x  dx

m=>5
y=3"+1

y'=3"In3=5
x=1.379

y=31" 41=5551
(1.379, 5.551)

m, =———=—
2 m 3

= (2" =2¢"
X

=2e"

:ex

=-1.792
y= zex—l

=2 —Wwl—aa

y:%—l:— 0.667
(-1.792, —0.667)
y=In2x
=2x
en=2ev
dy
dx

& =2¢7!
dx

e’ —==2

147
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32.

33.

34.

35.

36.

37.

38.

39.

40.

y=In(x/3)

d y_dfx
s )_dx(3)

g1
dx 3
dy _1 .

dx 3

ﬂ = i()c”) =7x™!

dx dx

ﬂzi(xl+‘5)=(1+\/5)x”‘5’l =(1+\/§)xﬁ
dx dx

ﬂ_ix7ﬁ=_57ﬁ71

dx  dx
%: ;—xx” =(l-e)x" ' —(l-e)x°
iln(x+2)=l@
dx u dx
d
—In =x+2
i (u) u
, 1 du
X)=—— —_—=
£ x+2 dx
x+2>0
x>-2
Dy rppy= L
dx u dx
iln(u) u=2x+2
dx
du_,
dx
=0+—lnx=l
Ix X
x+1>0
x>-1
iln(2—cosx)=l@
dx u dx
iln(u) u=2—cosx
dx
du .
— =sinx
dx
, sin x
fi=
2—cosx
Domain of x is all real numbers.
e 4= 19
dx u dx
d 2
—In =x"+1
e (u) u=x
@:2)6
dx
, 2x
fr0=—
x“+1

41> 0, Domain of x is all real numbers.

41.

42,

43.

44.

L du
4In a dx

d
Elog2 Bx+D)=

u=3x+1
du _
dx

d
Elogz ()

a=2 3

.3

P = 2
3x+1>0
x>—-1/3

d 1 du
—log,,(\x+1)= —
dx gV tD) ulna dx

d
Eloglo(u) u=~x+1
du 1
dx  2\x+1
1

ffX)=—F—-——

2(Wx+1)2In10

1
T 2(x+1)In10

2x+2>0
x>-1

a=10

y=(sinx)"
Iny=1In (sinx)*
Iny=x In (sinx)
d

d .
Elny— E[xln (smx)]

lﬂz (x)(.l)(cosx)ﬂn (sinx) (1)
y dx sin x

%: y[xcotx+ln (sinx)]
% = (sinx)" [x cot x + In(sin x)]
y= xlanx

Iny=1In(x""")

Iny=(tanx)(lnx)
ilny:il:(tanx)(lnx):l
dx dx
ldy - (tanx)(lj+(1n x)(sec? x)
y dx X

L y[mx+(1n x)(sec? x):|
dx X
dy

_ lanx m 2
dx—x [ B +(In x)(sec x)]



45 =5(x—3)4(x2+1)= x=3)*(x2+1) "
Y (2x+5)° (2x+5)°

ny— [(x 3)* (a2 +1)]
(2x+5)°

1 x=-3)* x>+
5 (2x+5)°
1

Iny=—[4In (x— 3)+In(x? +1)—31In 2x+5)]

d
—(lny) g diln (x-3)

Ly (x? +1)—§ KN (2x+5)
5 dx 5 dx

ldy 4 1 1 1 1
=+ 3 ( )_7
ydx S5x-3 5241 52x+5

@)

dy 4 2x 6
—=y + —
dx 5(x=3)  5(x2+1) 52x+5)

1/5
dy _ (x=3*(x2+1)
dx (2x+5)°

4 + 2x _ 6
5(x=3) 5(x2+1) 5(2x+5)

Cavai+l x(x2+)"?
x+D*? (x+D*?
x(x2 + 1)1/2

(x+1*3

46.

Iny=1In
1 5 2
Iny= lnx+51n(x +1)—§ln(x+1)

“Iny= ilnx+f—ln(x2 +1)—3iln(x+1)
2 X 3dx

= ,71
ydx x 2 3x +1()

dy 1 X 2
—=y|—+ —

dx X x241 3(x+D

dy _xvx +1(1 X 2 )

de e+ \x 2241 3+

47. y=xx

Iny=In x ™
Iny=Inx Inx
%Ony)z%(lnx Inx)

ldy 2Inx

ydx  x

dy 2ylnx 2x ¥ x

d x X

51. (a) P(0)= |

Section 3.9 149

y= x(l/lnx)

Iny= In (/o)
_Inx_,
Inx

dy d

—(ny)=—-01

dx(l ») dx()

1

Ty

y dx

—=0, x>0
dx

49. The line passes through (a, e?) for some value of a and has

slope m = e“. Since the line also passes through the origin,
the slope is also given by e, elnx <x or Inx¢ <x. and we

a

e .
have e’ =—, so a = 1. Hence, the slope is e and the
a

equation is y = ex.

50. For y=xe®, we have y'=(x)(e")+(e")(1)=(x+1)e*, so

the normal line through the point (a, ae) has slope

and its equation is

(a+1e”
1
=— (x—a)+ae“. The desired normal line
(a+1e”
includes the point (0, 0), so we have:
0=- ! (0—a)+ae’
(a+1e
0=—  +ae
(a+1)e”
0O=a ! +e°
(a+De”
1
a=0or +e'=0
(a+1e”

The equation +¢“ =0 has no solution, so we

(a+1)e”
need to use a =0. The equation of the normal line is

y=- (x—0)+OeO,ory:—x

O+1De’
300

+240 -1

(b) forall positive xX#e.

—300 (1+24 1

t

_300[ 1610 (2)22
(2" +16)
4800 In (2)2*

P(4)=—" "2 -5
@ (2% +16)*

students

(c) After 4 days, the rumor will spread to 52 q
ay
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200
6570

52.(a) P(0)= 1

1+

(b

~

i S5—1\~1
dtzoo((1+e )

=200(-1) 1+e7")? %(1+e5”)

=200(=1X1+e> )2 (> X-1)
200&>
5—t )2

C(l+e
200
(1+e)?2

200773

P'(5)=—F———-=50
© PO= s

1/140
53, A 4L
dt de\ 2

P'(4)=

-20 da A=1/140
dt

_ —1/140 daf
=202 )anz)dt( 140)

_ ~1/140 _
=20(2 )(1n2)( 140)
_ (27140 10 2)
7
B 27" (1n2) _
7

At t =2 days, we have % = —-0.098

grams/day.
This means that the rate of decay is the positive rate of
approximately 0.098 grams/day.

1 d ko1

54. (a) i1n(kx) = T kx=—=—
dx kx dx kx x

(b) j—xln(kx) = %(lnk+ Inx)

=0+ilnx=l
dx X

55. (a) Since f/(x)=2"In2,f/(0)=2"In2=1n2.
h 0
n LSOy 222

) f(0)= I

— h -0 h
.21

= lim

h—=0 h

(c) Since quantities in parts (a) and (b) are equal,
h

lim =—— =In2.
h—0
(d) By following the same procedure as above using

h

=In7.

g(x)=7", we may see that lim
h—0

56. Recall that a point (a, b) is on the graph of y = ¢ if and only
if the point (b, a) is on the graph of y = In x. Since there are
points (x, e*) on the graph of y = ¢” with arbitrarily large

x-coordinates, there will be points (x, In x) on the graph
of y = Inx with arbitrarily large y-coordinates.

59.B. P(0)= |

57. False. Itis In (2)2".

58. False. It is 2¢%*.

150

4—,
+e*!

=3

60.D. x+3>0
x>-3
61. A. y=log,,(2x-3)
L du
uln a dx

i10 u=
dx &a

a=10

T (2x=3)In 10

62.E. y=2""

W uy. du
—a"=a"Ina—
dx dx
a=2
u=1-x
du _
dx
y'=2"In2) (-1
Y(@)=-2"In()

In (2)
’ 2 —
y(2) >

-1

63. (a) The graph y, is a horizontal line at y = a.
(b) The graph of y, is always a horizontal line.

a 2 3 4 5

Y3 10.693147 | 1.098613 | 1.386295 | 1.609439

Ina |0.693147 |1.098612 | 1.386294 | 1.609438

We conclude that the graph of y; is a horizontal line at

y=Ina.

(©) %a‘x =g" ifand only if y, = Y2 1.

1
. d . . v .
Soif y; =Ina, then d—a with equal a” if and only if
; X

Ina=1l,ora=e.
d . . ¥
@ y, =d—a =a" Ina. This will equal y, =a
Ix
ifandonlyiflIna=1, ora=e.

6. (-1 p]=—xand Lanxror=1.
dx\ 2 dx X

Therefore, at any given value of x, these two curves will
have perpendicular tangent lines.



65. (a) Since the line passes through the origin and has slope

1. .. X
—, its equation is y = —.
e e

(b) The graph of y = In x lies below the graph of the line

y= 2 forall positive x # e. Therefore, In x < z
e e

for all positive x # e.
(c) Multiplying by e, elnx < x or Inx® < x.

(d) Exponentiating both sides of In x¢ < x, we have

¥ <o, orx® <e* forall positive x # e.
(e) Let x = 7r to see that 7°< e”. Therefore, e” is bigger.

Quick Quiz Sections 3.7-3.9

9 %2
1.E. y=—-—
T
9
dy=——-—x
2x?
11
dy=— 92—1=——
2(D 2

2.A. dy= di(cos3 (3x—-2))
X

dy=-9cos? 3x—2) sin 3x—2)

3.C. dy= di(snf1 (2x))
X

2
dyzi2
1-4x

4. (a) Differentiate implicitly:

- —x°v)=—(6
dx(xy x7y) dx()
dy 2 3dy
Tey?+xe2y=2—|3x2y+x° 2 |=0
Y (xy Y
dy

2 —_—
xydx

dy _3x’y-y’
dx 2xy—x3

Yy
3d 2 2
x‘f——3x -y

(b)Ifx=1,theny* —y=6,s0y=—2ory=3.
dy _ 3(1)*(=2)-(-2)°
dx 2(1)(=2)-(1)°
The tangent line is y + 2 =2(x — 1).
2 2

3. dy _ 31)°(3) 33 0.

dx  21)(3)-1
The tangent line is y = 3.

at (1, -2),

At (1

(c) The tangent line is vertical where 2xy —x* = 0, which
2
impliesx=0ory= % There is no point on the curve

Chapter 3 Review

2 2 2
wheresz.Ify:x—,thenx R B T s
2 2 2

151

Then the only solution to this equation is x = 3/—24.

Chapter 3 Review Exercises
(pp. 181-184)

1 dv_d x5—1x2+lx =5x4—lx+l
dx dx 8 4 4 4

2. D
dx

3. D
dx

i(3—7x3 +3x7)==21x* +21x°
dx

i(2 sin x cos x)
dx

=2(sin x)i(cos x)+2(cos x)i(sin X)
dx dx

=-2sin® x+2cos x
Alternate solution:

%::—x@sinxcosx):j—xsinzx:(COSZX)(Z)
=2co0s2x
g _d 2+l _Qx-D@-Qx-hE@)_ 4
. dx dx2x-1 (zx_l)z (2x—1)2
5. 4 4 s (1= 21) = —sin (1= 26)(=2) = 2sin(1- 21)
dt dt

ds d 2
6. —=—cot| —
dt dt t

(e~

. dy:d(\/— 1 J d( V2 41412y

dx dx T
T - S S
2 2 2\/; 2x3/2
8.— —(x 2x+1)= (x)( )(2)+( 2x+1)(1)
J N J
_x+(Q2x+1) _ 3x+l1
\/2x+1 \/2x+1
9 dr_ isec(1+39) sec (14 30) tan (1+36)(3)
" de  de
=3sec(1+36) tan(1+36)
10. 9 d 2 (3-6%)
de  de
d
=2tan(3-6°)—tan(3— 6°
( )de ( )
=2tan(3—6°) sec> (3—6%)(-20)
=—40tan(3—67) sec’ (3-6?)
11. ﬂ=i(x2 csc5x)
dx dx

= (x2 )(—cscSxcot5x)(5)+(cscS5x)(2x)
=—5x2 csc5xcot5x +2xcsc5x

J
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12.

13.

14.

15.

16.

17.

18. —

19.

20. —

21

22,

d 1

Ey El nVx = fdxf \/; 2\/— ,x>0

dy d 1 e
d—izaln(ne-‘) de( )= e

% = %(xe’”) =)D+ (e D=—xe " +e "

dy _d ey d 1

df)):=£(em ’ )=a(eleI )= (ex)—e

ﬂ = iln (sinx) = Li(sin xX)= c?sx = cot x, for values

dx dx sinx dx sin x
of x in the intervals (kzr, (k+ 1)), where k is even.

dr d 1 d -1
—ln(cos x)= —cCos X
dx dx cos  x dx

1 1 |
cos™! X[ 1-x2 J cos ! x1-x2
dr_d 1 d
- 4 92y =
6= a9 @)= 0% In2 dé

20 2
6’2 6hn2

ds d 1 1
o s

t>7

ds

(8 =8 (1n8)f( )=-8"In8
dt dt

. Use logarithmic differentiation.

ylenx

Iny=In(x
Iny=(nx)(nx)
d d 5
—In :— n
2y (l x)
ldy 21nxilnx
y dx

dy _2ylnx

lnx)

dx X
dy _ 2x""% Inx
dx X

dy _d (2x)2°

dx - E \/)c2 +1
N %[(2@2" ]— 2x)2*
x2+1

Va2 +1 [(2x)(2x)(ln 2)+ (2*)(2)]— (2x)(2%)

)%\/x2 +1

1

t—-7)In5’

2Wx? +1

(2x)

w241

(74D (2%) 2x In2+2)—2x7 (2Y)

(X2 + 1)3/2

_@- 292+ IxIn2+1)—x%]

(X2 + 1)3/2

229 In2+x7 +xIn2+1-x%)

(x2 + ])3/2

(2429 (24 xIn2+1)

Alternate solution, using logarithmic differentiation:

23.

24.

25.

26.

(X2 + 1)3/2

e
\/x2 +1
Iny=(2x)+In(2*)—Invx?+1

1
Iny=In2+Ilnx+x an—Eln(xz-kl)

i1ny= i[1nz+1mc+1nz—11n(x2 +1)]
dx 2

ydx

-2
2241

dx
dy (2x)2

@ +In2—
dx m( x2+1)

dy d £ ptan lx:emnflxitan—l :€
dx  dx dx 1+x
ﬂ=—sin71 1-u?
du dx
=%di =
V1= (W1=u?)? ¢
1 1
= (=2u) “
\/72 1-u? ‘u‘ 1-u?

1
Q: d(tsecl t—zlnt)

=() +ec (D) -
(r)

1
G

= i[(l +1%) cot™ 21
dt

=1+ - !
B 1+ (21)>

2+42¢2
- 5 +2tcot 2t
1+4¢

dy
dt

J(z) +(cot™ 2¢) (21)




27.

28.

29.

Q:i(100371 z—\ll—zz)
dz dz

1 1
=@| = [+ os™ XD - ——=(22)
( l—zz] N
= tcos T g b
V1-22 J1-22

=cos™! z

ﬂzdi(lex—lcsc*‘ Jx)
X

dx
- (2@)[_\/;(\/1;)2_1J[2\1/;]
+(2csc”! \/;)(1]

24x—1
__ x—1 +csc4\/;
W) Vx-1 Jx-1
-1

lcsc\/;

X x—1
ﬂ = ics&I (secx)
dx dx

L a4
_[ secx\/sec2x—1]dx (secx)
1
—————————secxtanx
‘secx‘\/ta.nz x—1

sec x tan x
‘secxtanx‘
1 sinx

cosx cosx _ _SInx
1 sinx ‘sinx‘

COSX COSX

/4
-1, 0<x<m, x;tz

1, m<x<2m, x;t%z

Alternate method:

. 3
On the domamOSxSZﬂ:,x:ﬁ%,xi%,we may

rewrite the function as follows:
y= csc_l(sec X)

T -1
=——sec (secx
5 (secx)

T _
= E —cos ™ (cosx)

E—x, 0<x<m, xiﬁ
_J2 2
/4 RY/4
——(rt—-x), w<x<2m, x#*—
2 2
E—x, 0<x<m, x;tﬁ
2 2
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dy -1, 0<x<m, «x# r
Therefore, — = %77:
* 1, T<x<2m, x#—

Note that the derivative exists at 0 and 27 only because
these are the endpoints of the given domain; the two-sided

derivative of y = csc™! (sec x) does not exist at these points.

0. dr:d( 1+sin9)2

d6 dOB\1-cosb

_ 2( 1+sin0) (1—cos€)(cos0)—(1+sin0)(sin0))
1—-cos@ (1-cos9)?

22(1+sin9) cosO—cosze—sinO—sinZGJ
1-cos® (1-cos)*

:2[1+sinﬂj cos@—sin@—l)
1—cos8 (1-cos6)?

31. Since y=1In x% is defined for all
1 2x 2
x20and Do L 42y 2X_ 2 e function is
dx  x% dx X2 x
differentiable for all x # 0.
32. Since y = sin x — x cos x is defined for all real x and

? =cosx — (x)(—sin x) — (cos x)(1) = x sin x, the function is
X

differentiable for all real x.

1-
33. Since y= /1—"2 is defined for all x <1 and
+x

dy 1 1+ x>)(=D)=(1-x)(2x)
dx 2\/1—x (1+x%)?
1+x2
x2—-2x—-1

=——— "~ , which is defined only forx <1,
W x(1+x2)"

the function is differentiable for all x <1.

34. Since y= 2x—7)" (x+5) = 2" ki 57 is defined for all
o
o7 g D (2x—7)(1)—(x2+5)(2) 7
2 dx 2x=7) 2x-7)

the function is differentiable for all x # z
35. Use implicit differentiation.
xy+2x+3y=1
D+ Lo+ Lan="w
xl%+(y)(l)+2+3%: 0

(x+3)ﬂ:—(y+2)
dx

ﬂ__y+2
dx x+3
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36. Use implicit differentiation.

40. y=1-=
5,405 +10y6/5 5 X
d, o, d d(2
A a5 6/5 “ L0 | P et
(5 )+ — (10y )= (15) Ix ) dx( ) dx(x)
4x7 4 12y”5 % =0 2yy'= 22
dy 41 ,_ 2 1
A 12" 3m)” YR Ty
37. Using implicit differentiation. ”— df_1
fo=1 el xy
1
d d =—
&=z o’ fw(”
1 dy ’
x—=+( )(1)] = - [(x*Xy") + (y)X2x)]
2ny|: ax Y (xz )2
d 1 1
xd—y+y=0 = 2 2|:(x2)(2]+2xy:|
* &y (x*y) Xy
A 1 1
dx X =——| =t 2xy]
Alternate method: Xy zy
1+2
38. Use implicit differentiation. == xf
2 X vy
d )21+1x 41. y3+y=2cosx
2 _ —
dxy Cdx x+1 i(y3)+i(y):i(2005x)
5y @ _ (D)~ (XD dx , dx dx
ydx_ (x+1)? 3y“y'+y =-2sinx
dy _ 1 (3y2+1)y'=—25inx
dx_zy(x+1)2 ‘e 2sinx
3y2 +1
39. x3+y3=1 ,,_d[ 25inx)
=z
—uy+(yk—«> A
322 +3 _0 _ By  +1)(2cosx)—(2sinx) (6yy”)
=0 (G2 +17
yf:_Lz By* +1)(2cosx)—(12y sinx)
dy ) _ 2sinx
" dx(_xz] ~ 3y +1
y =
(7 X2~ (X230 @+l
= 2 (3y +1)? cosx+12ysm X
y ) (3y +1)°

(fﬂ@%ﬁmeﬂ]
y

y

2xy3 +2x*
E

B 2)c(x3 + y3)

5
y

since x> + y3 =1

4
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3,
42, X =4 46 @:i(4+cotx—2cscx)
d 3y, d 3,_d .ddez
L+ 4 ——
dx(x ) dx(y )= I —@4) csc” x+2cscxcotx
L oon, 1y72/% '~ 0 At x=Z we have
3 3 2
_2/3 2/3
N S y=4+cott—2csct=4+0-2=2and
y—2/3 X 2 2
L odl (yY” D2 e Feot® = —142(1)(0) = 1.
y ="z dx 2 2 2
dx X
:_g Yy e xy = (y)D) (a) Tangent: y=—1(x—g)+2 0ry=—x+%+2
3\ x xz
213 . 7
_ 2();)'/3 (x) _(y] -y (b) Normal: y=—1(x—2J+2 ory:x—5+2
=——| = X
3\ x
x? 47. Use implicit differentiation.
_ _%xl/sy—1/3(_x—5/3y2/3 ~x2y) ) xz +2y% = 9
2 2 — + 2y)=—09
=§x_4/3y1/3+§x_5/3y2/3 dx %) ( %) ( )
2x+4yi=O
43,  y'=2x33x-1, f’l’y‘ e s
” 2 -~ __=r__ T
V' =6x"-3, =—_ ==
4 2
V7 =12x, dx y y
y® =12, and the rest are all zero. Slope at (1, 2): _ﬁ:_i
o
H“.y _ﬂ (a) Tangent: y:—l(x—l)+2 0ry=—1x+2
3 4 4 4
” o __ X
y Z’ (b) Normal: y=4(x—1)+2ory=4x-2
61" = ﬁ 48. Use implicit differentiation.
y = 2 ’
y(4):x x+\/5:6
y® =1, and the rest are all zero. di(x”di(\/;):di@
be X by

dy d [ 1 1 dy
45. == x -2r=——=(2x-2)= 1+ [(x)( +OD) |=
dx  dx 2x? - 2x \/x —2x 24 xy dx
[ x _dy y
Atx=3, we havey= 32—2(3):\/5 B A P
24/xy dx l

dy _3-1
and dy 2\/7 Y
32003 \/— o ( o
2 2 y_J
(a) Tangent: y=—(x—3)+\/§ oryz—x—\/g =—2\/7—
3 3 X x
3 NERENE] Slope at (4, 1): —2\/I—l:—z—l:—é
(b) Normal: y=—7(x—3)+\/§ ory==""x+>" N4 4 2 4 4

(a) Tangent: yz—%(x—4)+1 or y=—%x+6

4 4
b) Normal: y=——(x—-4)+1 =" y_=
(b) y 5()c )+lory 5x 5
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49.

50.

51.

52.

dy
dy _ qr _ —2sint
dx dl " 2cost
dt

=—tant

At tz%r, we havex=2sin%r=\/5,

3w dy R4
=200$—=—\/§, and —=—-tan—=1.
Y 4 dx 4

The equation of the tangent line is

y=1(x—\/§)+(—\/§), ory=x—2\/§.

dy
ﬂzﬂzﬂz—ﬂcot[
dx dx —3sint 3
dt
At 1—3—ﬂ we have x = 3cos3—ﬂ ﬂ,
4 4 2
. 3n dy 4 3m_4
=4sin" =22, and L = —Zcot T =,
y §1n4 an i 3 13

The equation of the tangent line is

y=4[ 3\/—]+2\/§ ory—fx+4\/—

3

dy
dy 4 _ Ssec’t _Ssect 5
dx dx 3secrtansr 3tant 3sins
dt

At t= %,we have x = 3sec%= 2\/3,

1
yosun o3 g 510

6 3 (n)
3sin| —
6

The equation of the tangent line is
( —2\/—)+i ory_—x 5(3.

Q
@_ﬂ_ 1+ cost
dx dx  —sint

dt
Atz:—ﬁ,wehavexzcos _r =—2,
4 4 2
AR
y=——+sin| —— [=———-—, and
4 4 2
1+Cos(—ﬂ) 1+£
@ Y2

o) T

The equation of the tangent line is

y=(\/5+1)[x—\/§]—ﬂ—2, or

y= (1+\/§)x—\/5—1—%.
This is approximately y = 2.414x —3.200.
53. (a)

[-1, 3] by [-1, 5/3]
(b) Yes, because both of the one-sided limits as x — 1 are
equal to f(1)=1.

(¢) No, because the left-hand derivative at x =11is +1 and
the right-hand derivative at x =11is — 1.

54. (a) The function is continuous for all values of m, because
the right-hand limit as x — 0 is equal to f(0)=0 for

any value of m.
(b) The left-hand derivative at x = 0 is 2cos(2e0) = 2, and

the right-hand derivative at x = 0 is m, so in order for
the function to be differentiable at x =0, m must

be 2.
55.(a) Forall x #0 (b) Atx=0
(¢) Nowhere
56. (a) For all x (b) Nowhere
(¢) Nowhere

57. Note that lim f(x)= lim (2x—-3)=-3and
x—0" x—0"
lim f(x)= lim (x—3)=-3. Since these values agree with
x—0" x—0"

f(0), the function is continuous at x = 0. On the other hand,

oon )2, =1<x<0 . .
f (x)—{L 0<cx<a * 5 the derivative is undefined at

x=0.
(a) [-1,0) U (0, 4] (b) Atx=0
(¢) Nowhere in its domain
58. Note that the function is undefined at x = 0.
(@ [2,00U(0,2]  (b) Nowhere

(¢) Nowhere in its domain

59.
y
2 -
_3 1 1 1 é X
r Oo—e
2k




60. Y

61. (a) iii
(o) ii

62. The graph passes through (0, 5) and has slope -2 for x < 2
and slope —0.5 for x > 2.

7+

63. The graph passes through (-1, 2) and has slope -2 forx < 1,
slope 1for 1< x <4, and slope —1 for4 <x < 6.

y
7_
ry=f®
1 1 1 1 1 ]/I\ 1 1 X
s 7
i _9 roN_ 3 4
64. 1.Iff(x)—28x +9, thenf(x)—4x and

£7(x)=x"*, which matches the given equation.

i If f/(x) = —x"" =2, then f”(x) = §x4’3, which

2 4
3

contradicts the given equation 7 (x) = x">.
g q

9
8

i, If f7(x) = %x““ +6, then f”(x)=x"®, which matches

the given equation.
iv. If f(x)= %x“” —4, then f’(x)=x" and

1 _ . . . .
f7(x)= gx 23 which contradicts the given equation

f” (X) — )Cl/3.
Answer is D: i and iii only could be true. Note, however
that i and iii could not simultaneously be true.
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65. (a)

7 i
[-1, 5] by [-10,80]
(b) t interval avg. vel.
[0, 0.5] 3810 _ 56
0.5-0
[0.5,1] 58_38=40
1-05
(1, 1.5] 70-38 _,,
1.5-1
[1.5,2] 7470 _g
2-15
2.25] 70-74
25-2
[2.5.3] B-T0_ 4
3-25
[3,3.5] 3838 _ 40
3.5-3
[3.5. 4] 1038 _ o6
4-35
©f ™~

b
N

[-1, 5] by [-80, 80]

(d) Average velocity is a good approximation to velocity.

66. (@) [V f(0) |=Vaf )+ —— fo)
dx 2wx
X

At x =1, the derivative is

PN S ) O T (0 O P &)
Jif (1)+2\/If(1)—1(5)+(2)( D=1
d 1 ’ f,(x)
(b) —+/f(x) = fl(x)=
dx 2Jf @) 2Jf ()
Atx=0, the derivative is 2{/%:_2\2@:_;

d o d = G
(© Ef(ﬁ)—f(ﬁc)dx\/}_ S

Fay_rw_s_ 1

—_

At x =1, the derivative is

21 2 2 10

(d)5£fﬂ—5umx)=le—5&mxX—5ﬁx2x)
X
At x =0, the derivative is

F£/(1=5tan0)—5sec? 0) = f/(1X-5) = (;)(—5) =-1.
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66. Continued

d_f(x) _ @2+cosx)(f'(x)) = (f(x)X=sinx)
dx 2+cosx (2+cosx)?

(e)

At x =0, the derivative is

(2+cos0X/"(0) = (f(O)=sin0) _3/'(0) _ 2

(2+cos0)? 3? 3

® 110 sin(nzx)fz 0l
= 1o(sin”2x)(2f(x)f'(x)) +10f2 (x)(cosnzx)(
=20 f(x) f'(x)sin”—zx +57 2 (x) cos%
Atx= 1, the derivative is
207 £/(1) sin§+ 52 cos%
= 20(—3)(;)(1) +5m(=3)*(0)

=-12.

d
67. (a) 5[3 ()= g(x) | =3f"(x)— g'(x)

At x =—1, the derivative is
3f/(-D—-g (-D=3(12)-1=5.

(b

~

L rwew]

= f2(x) « 387 (g’ (D) + 87 (x) + 2f(0)f/(x)
= f(0)g7 () [3f(0)g'(x)+2g(x) (%) ]

At x =0, the derivative is

£(0)g%(0) [3£(0)g"(0)+25(0)f(0) ]

= (D=3 [3(-DH) +2(-3)(-2) ]
=-9[-12+12]=0.

© Lo(r) =g’ (FNF )
dx

At x =—1, the derivative is

gUEN D =8'0)f" (1) =(4X2)=8.

(d

~

if(g(X)) = f(g(x)g’(x)
dx
At x = -1, the derivative is

FE=D)g (D= f'(=Dg'(=D=2x1) =2.

d _f® _@x+2)f'(x)- f(x)eg'(x)
dx g(x)+2 (,g(x)+2)2
At x =0, the derivative is

(e)

(80)+2)f"(0) = f(0)g'(0) _ (3+2)(=2)—-(=1)4)

(8(0)+2)? (-3+2)°
=6.

® gt f) =g (et )L (x+ £
dx dx

=g’ (x+ )+ f(x)
At x =0, the derivative is g’(0+ f(0O)[1+ f’(0)]
=g’'0-D+(2)=D(-DH=-1

dw dwdr d d T
68. L= _ @ i Jr — 21| sin| s+ =
&~ ar a5 a0 =2 ds|: Sm(s 6)]

o)

Ats=0, we haver=8sin(0+76r)=4 and so

%V = [cos(JZ - 2)2%][&0{0 + ’6’)]
R

69. Solving 6% +6 =1 for 1, we have

f= 19_729 =072 -6, and we may wiite:
dr _dr dt
do dr do
Lgre7i =9 d g2 _g)
doe dt do

3
dr_200°+7)7*"° _20°0°+71"

dr 3(=207+672) 3(6-2)

At t=0, we may solve 6%t +0=1 to obtain 6 = 1,

ﬂ_ 2(])4(12 +7)72/3 ~ 2(8)’2/3 ~ _l
dt 3(1-2) -3 6

l(92 +7)72320)= (Z)(—29‘3 +672)

and so

70. (a) One possible answer:

(1) = IOCos(t+Z), Y1) =1

(b) s(0)= 10cos§ =5\2

(c) Farthest left:
When cos(t +Z) =—1, we have s(¢) =—10.
Farthest right:

When cos(t+Z)= 1, we have s(¢) =10.



70. Continued
(d) Since cosz =0, the particle first reaches the origin at
T o . T
= e The velocity is given by v(¢) = —IOSIH[I + 4),
so the velocity att = % is—10s smz —10, and the speed
at t= %is‘—lo‘ =10. The acceleration is given by
T .
a(t)=-1 Ocos(t + 4), so the acceleration at

tzﬁ is —IOCOS£=0.
4 2

71. (a) s _ i(64r—16z2) =64-32t
dr dr

2
475 _ 4 64_30n--3
drt  dt

(b) The maximum height is reached when % =0, which

occurs at 1 = 2 sec.

(c) When ¢ = % =64, so the velocity is 64 ft/sec.

(d) Since ds _ i(64z —2.61*)=64—5.2¢, the maximum
dt dt
L. 64 .
height is reached at ¢ = 53 =12.3sec. The maximum
4
height is s il ~393.8 ft.
5.2
72. (a) Solving 160 =490 12, it takes% sec. The average

velocity is lf%O =280 cm/sec.

(b) Since v(t) = % = 9801, the velocity is (980) (‘71) =560

cm/sec. Since a(t) = % =980, the acceleration is

980 cm / sec’ .

73. Vol 0-2 a2 = L 21022 - L3
dx dx 3 dx 3

=m(20x— xz)
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2
74, @) r0) =] 35| x=ox—S L3
40 200 1600

(b) The marginal revenue is

r'(x)= 9—ix+i 2

10" " 1600
(x* = 160x + 4800)
1600
40Yx =120
=600 &~ AN = 120)

which is zero when x = 40 or x =120. Since the bus
holds only 60 people, we require 0 < x < 60. The
marginal revenue is 0 when there are 40 people, and the

corresponding fare is p(40) = (3 - 48) = $4.00.

(c) One possible answer:
If the current ridership is less than 40, then the proposed
plan may be good. If the current ridership is greater than
or equal to 40, then the plan is not a good idea. Look at
the graph of y = r(x).

o
=

e

[0, 60] by [-50, 200]

75. (a) Since x = tan6, we have
dx = (sec? B)Q =—0.6sec” 6. At point A, we have
dt dt

6=0 and%z —0.6sec? 0 =—0.6 km/sec.

rad 1 revolution  60sec 18

sec 27 rad Imin
minute or approximately 5.73 revolutions per minute.

76. Let f(x)=sin(x —sinx). Then

(b) 0.6 — revolutions per

f’(x)=cos(x—sin x)i(x —sin x)
dx

= cos(x —sinx)(1—cosx). This derivative is zero when

cos (x —sinx) = 0 (which we need not solve) or

when cos x = 1, which occurs at x = 2kr for integers k. For
each of these values, f(x) =f(2km) = sin(2kxw — sin 2km) =
sin(2kmw —0) = 0. Thus, f(x) = f’(x) =0 forx = 2k,
which means that the graph has a horizontal tangent at each
of these values of x.
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AT (v radry__ 1 |T
2i\ 7 20\ wwd |dr\ r 272t \ wd
LT \d()__t |T
2r\md )dr\1 272\ md
, d( 1 [T 1 [1)d
A= — |~ |=| — " %@
y'(d) dd( erﬂd) [Zrl\/; ad )
_Lry_t
2\ x 4
d(1 [1 1 [1)d
"(T)=2| —. = |=| —.]— |S T
y(T) dT[2rl ﬂd] (2rl\lndez(‘/—)
_ l(lj_l
20\ wd\ 2T ) 4rk\mdT
Since y’(r) < 0,y’(l) <0, and y’(d) < 0, increasing r, I, or

d would decrease the frequency. Since y’(T) > 0, increasing
T would increase the frequency.

2
78. (a) P(0)= 005 = | student
1+e
2 2
(b) lim P(¢) = lim O? = ﬂ =200 students
h—>co h—eo | 4 " 1

() P'(t)= 4 200(1+e>")!
dt

=1200(1+€e> )2 (> )(=1)
200>

S (+e)?

(1+e7)%(200e° ") (-1)—
(200> (2) 1+ ") () (-1)
5—t )4

P”(t) —
(1+e

_ (1+7(=2002") + 400(e™)?
- (1+e57)

~(200e” "™ ~1)
S+

Since P” =0 whent =5, the critical point of

y=P’(t) occurs att = 5. To confirm that this corresponds
to the maximum value of P’(¢), note that

P”(t) >0 fort <5 and P”(¢t) < 0 for r > 5. The maximum
rate occurs at ¢ =35, and this rate is

200¢° 200

(1+e%? 2%
Note: This problem can also be solved graphically.

P'(5)=

=50 students per day.

79.

A /1 A
vV VvV

[, 7] by [-4, 4]

(a) x# k%, where £ is an odd integer

T
® (_2’2)

(¢) Where it’s not defined, at x = k%, k an odd integer

. T .
(d) It has period By and continues to repeat the pattern seen

in this window.
80. Use implicit differentiation.
xi- y2 =1
d, , d o, d
el _= =0
dx(x ) dx(y ) dx( )
2x—=2yy'=0

s_dx
T dx y
_ D=y
2

(since the given equation is x* —y* =1)

2
T e
d

N N )

ds d 3
8l.(a) v(i)=—=—("-2t+3
@ v(n) o dt( )

v(t)=3t> -2
v _d_ oo
(b) a() = o dr (3" -2)
a(t) =6t
v()=3t>-2=0
=2
G
2 6
(C) t—ﬁ—T
=2
3
V2 e
Vo3

) v()=3>-2<0
32 <2

t<76,andt>0

J6

O<t<—



