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Chapter 6
Differential Equations and
Mathematical Modeling

Section 6.1 Slope Fields and Euler's Method
(pp. 321-330)

Exploration1 Seeing the Slopes
1. Since ? = O represents a line with a slope of 0, we should
X
expect to see intervals with no change in y. We see this at
odd multiples of 7 /2.
2. Since y is the dependent variable, I

t will have no effect on the value of ? =COoSX.
X

3. The graph of ? will look the same at all values of y.
X

4. When x =0, % = cosx = 1. This can be seen on the graph
X

near the origin. At that point, the change in y and change in
x are the same.

5. When x=r, ? =cosx =—1. This can be seen in the
X

graph at x = 7. At this point, the change in y is negative of
the change in x.

6. This is true because each point on the graph has a negative
of itself.

Quick Review 6.1

1. Yes. ie’( =e*
X

2. Yes. a4 et =46
dx

3. No. d (x%e*)=2xe* + x%e*
dx

4. Yes. iexZ =2xe™
dx

5. No.-L (e +5)= 21"
dx

6.Yes.i\/2_= ! !

N=——
PN iy o

d
7. Yes.—secx =secxtanx
dx

8. No.ixq =—x7

dx

9. y=3x2+4x+C
2=31)2+4()+C
C=-5

10. y=2 sinx—3 cosx+C
4 =2 sin(0)—-3 cos(0)+C
Cc=-7

11. y=¢* +secx+C

5=¢20 4 sec(0)+C
Cc=3

12. y=tan 'x+In@x—1)+C

z=tan""()+InQ(1)-1)+C

c=3"
4

Section 6.1 Exercises
L [dy=[(5x* = sec” x)dx

y=x5—tanx+C

[}

. de = J.(secxtanx—ex)dx

y=secx—e* +C

w

. Jdy=[(sinx—e™ +8x%)dx

y=—cosx+e " +2x*+C
1 1 1
.jdyzj(—2)dx=1nx++c
X X X

1
.de:J(5X1n5+ - 1)dx=5*+tan‘1x+c
X"+

N

9]

dx:sin_lx—Z\/;+C

=)

etz

. [dy =[Gt cos(t? e =sin(*)+C

<

oL

. dezjcoste“"’dt
=My C
9. [dy= [(sec’ (" )5x*) dx
=tanx’ +C
10. [ dy = [4(sinu)’ cosudu
=(sinu)* +C
11 dy=[3sinx dx=-3cosx+C
2=-3 cos(0)+C, C=5
y=-3 cosx+5
12. [dy=[2¢"—cosx dx=2¢" —sinx+C

3=2¢" —sin(0)+C, C=1
y=2¢" —sinx+1

13.jduzj(7x6—3x2+5)dx=x7—x3+5x+c

1=17-1*+5+C, C=—4

u=x"—x>+5x-4



14

1

9]

1

=)

17

1

oL

19.

20.

21.

22,

23.

24.

. jdA:j(10x9+5x4—2x+4) de=x"+xt = +rdx+C

6=1"+1"-1*+4)+C, C=1

A=x""+x* x> +4x+1

1
' jdyzj(—xz—34+12) dr=x"+x3 +12x+c

X

3=1"+1%+120+C, C=-1

y=x1+x2+12x=11 (x>0)

1

: JdY=J.(5se02x—§\/;) dx=5tanx—x"?+¢

7=5tan(0)—(0)"*+C, C=7
y=5tanx—x3/2+7

.de=_[( ! +2’1n2)dt:tan‘1t+2’+c

1+#2

3=tan 1 (0)+2°+C, C=2
y=tan't+2'+C

1 1
.de:_[ ——— 46 |dt=Int+1"+61+C
t 2

0=In(D+1'+6()+C, C=-7
x=Int+'+6:1-7 (t>0)

5=4 sec(0)+e” +3(0)2 +C,

V=4 sect+e +3t

[ds=[iGt-2ydr=r*-1+C
0=*-1’+C, C=0
s=r -1

dy_d

= j fydt = jl'”sin(tz)dz

y:jlxsin(tz) dt+5
du d X X
a=ajaf(r)dz=j0\/2+coszdr
u= J.(:\/2+cost dt-3

d X X Cos
F'(x)zaju £ dt:jze ‘dt

F(x)= j:em”dr+9

, d ¢x X
G (‘v):EL f(z)dt:jo tant dr

G(s)zj;3 tant dt+4

Jdv:_'.(étsect tanz+e'+6z) dt=4sect+e' +3t2+C

27.

28.

29.

30.

. Graph (b).

sin0)>=0
sin1)>>0
sin(=1)%>0

. Graph (c).

sin0*=0
sinl1)*>0
sin(-1)*<0

Graph (a).
(c0s0)? >0
(cosl)2 >0
(cos(=1)*>0

Graph (d).
(c0s0)* > 0
(cosl)3 >0
(cos(=2))° <0
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39.
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rf;j:i
41. dy dy
oy | ge=x-l| Ao jAy= oo (x+Ax, y + Ay)
(1,2) 0.0 0.1 0 (1.1, 2)
(1.1, 2) 0.1 0.1 0.01 (1.2,2.01)
(1.2,2.01) 0.2 0.1 0.02 (1.3,2.03)
y=2.03

42,

43.

44.

45.

46.

47.

48.

dy _ _dy
(x,y) dx_y_l Ax Ay—dxAx (x+ Ax, y + Ay)
(1,3) 2.0 0.1 0.2 (1.1,3.2)
(1.1,3.2) 2.2 0.1 0.22 (1.2,3.42)
(1.2,
242 0.1 0.242 (1.3, 3.662)
3.42)
y=3.662
4y _ -
(x,y) pri 2x-y | Ax | Ay= P Ax | (x+Ax,y+Ay)
(1,2) 1.0 0.1 0.1 (1.1,2.1)
(1.1,2.1) 1.0 0.1 0.1 (1.2,2.2)
(1.2,2.2) 1.0 0.1 0.1 (1.3,2.3)
y=23
d d
(x,y) Ey=2x—y Ax Ay=EyAx (x+ Ax, y + Ay)
(1,0) 2.0 0.1 0.2 (1.1,0.2)
(1.1,0.2) 2.0 0.1 0.2 (1.2,0.4)
(1.2,0.4) 2.0 0.1 0.2 (1.3,0.6)
y=0.6
d d
() | G=2-x| A | Ay=STAx | (r+An y+AY)
2, 1) 0.0 -0.1 0.0 (1.9,1)
(1.9, 1) 0.1 -0.1 -0.01 (1.8,0.99)
(1.8, 0.99) 0.2 -0.1 -0.02 (1.7,0.97)
dy _ b
(x,y) dx_1+y Ax Ay—dxAx (x+ Ax, y + Ay)
2,0) 1.0 -0.1 -0.1 (1.9,-0.1)
(1.9,-0.1) 0.9 -0.1 -0.09 (1.8,-0.19)
(1.8,-0.19) 0.81 -0.1 -0.081 (1.7,-0.271)
y=-0.271
dy _ D
(x,y) Pl Ax Ay—dxAx (x+ Ax, y + Ay)
2,2) -0.0 -0.1 0 (1.9,2.0)
(1.9,2) -0.1 -0.1 0.01 (1.8,2.01)
(1.8,2.01) -0.21 -0.1 0.021 (1.7,2.031)
y=2.031
4y _ -9
(x,y) x =x-2y| Ax Ay—dxAx (x+Ax,y+ Ay
2,1 0.0 -0.1 0.0 (1.9, 1.0)
(1.9, 1) -0.1 -0.1 0.01 (1.8,1.01)
(1.8,1.01) -0.22 -0.1 0.022 (1.7, 1.032)

y=1.032
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49. (a) Graph (b) 53. dy dy
. . (x,y) $=2x+1 Ax Ay=an (x+ Ax, y + Ay)
(b) The slope is always positive, so (a) and (c) can be ruled
out. (1,3) 3.0 0.1 0.3 (1.1,3.3)
y
() T (1.1,3.3) 32 0.1 0.32 (1.2,3.62)
2
—/\ (1.2,3.62) 34 0.1 0.34 (1.3, 3.96)
| | x (1.3, 3.96) 3.6 0.1 0.36 (1.4,4.32)
-1 o] 1 y=43
y Euler’s Method gives an estimate f(1.4) = 4.32.
(b) The solution to the initial value problem is
—/‘%/— F(x) = x2+ x + 1, from which we get f(1.4) = 4.36. The
4.36-4.32
I l ; 4007 %92
<o i x percentage error is thus 136 0.9%.
(©) y 54.
\ (x,y) %=2x—1 Ax Ay=%Ax (x+ Ax, y + Ay)
b (2,3) 3.0 0.1 -0.3 (1.9,2.7)
L2 |\ X
1 0 1 (1.9,2.7) 2.8 0.1 -0.28 (1.8,2.42)
50. (a) Graph (b) (1.8,2.42) 2.6 -0.1 -0.26 (1.7, 2.16)
(b) The solution should have positive slope when x is 1.7,2.16) 24 —0.1 -0.24 (1.6,1.92)
negative, zero slope when x is zero and negative slope y=1.92
when x is positive since slope = dy _ x Euler’s Method gives an estimate f(1.6) = 1.92. The
p pe = e solution to the initial value problem is f(x) = x*—x+ 1,
Graphs (a) and (c) don’t show this slope pattern. from which we get f(1.6) = 1.96. The percentage error is

1.96-1.92

y
thus ———— = 2%.
1.96
1.1 55. Atevery (x, y), (=" =" = —¢% =—1, 50 the
0 X slopes are negative reciprocals. The slope lines are
(a)

therefore perpendicular.

56. Since the slopes must be negative reciprocals, g(x) = —cos x.

y
57. The perpendicular slope field would be produced by
CLD % =-sin x, so y = cos x + C for any constant C.
X
0 * 58. The perpendicular slope field would be produced by
(b) % =—x, 50 y=0.5 x>+ C for any constant C.
X
y
59. True. They are all lines of the form y = 5x + C.
60. False. For example, f(x) = %2 is a solution of b =2x,
LD N dx
0 -1 . . dy
but f~ (x)= \/; is not a solution of — =2y.
© dx
51. There are positive slopes in the second quadrent of the 61.C.m=42-42=0
slope field. The graph of y = x2 has negative slopes in the ) dy
second quadrent. 62.E.y <0, x~ >0, therefore a <0.
52. The slope of y = sin x would be +1 at the origin, while the 63.B. y(0)= =1
slope field shows a slope of zero at every point on the d .
y-axis. d—y =2xe" =2xy.
X

64. A.
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dy 1
65.(a) —=x——
()dx 2

j% dxzj(x—x‘z) dx

2 2

y:x—+x‘1+C=x—+l+C
2 2 x
Initial condition: y(1) =2
2
2= 1—+1+C
2 1
2=§+C
2
1
—=C

2
Solution: y=x—+7+7,x>0
2 x 2

2
(b) Again, y=* +14c.
2 x

Initial condition: y(-1) =1
=D

1 +——+C
2 (D
1=_—1+C
2
K
2

2
Solution: y=x—+7+7,x<0
x 2

1 2
(c)Forx<0,ﬂ:i ,+L+Cl
dx dx{x 2

And for x =0, ? is undefined.
X

(d) Let C, be the value from part (b), and let C, be the value

from part (a). Thus, C, :% and C, :%_

(&) y(2)=-1 y(=2)=2
2 2
—1—1+2—+C2 2=L+( 2) +C,
2 2 -2 2
—1:§+c2 2=§+c1
7 1
-5=6 =C,
Thus, C,= 1 and C, = _Z_
2 2

66. (a) i(ln x+C)=l for x>0
dx X

1

d 1 d 1
® —[In (_x)+c]:—xdx(_x):(—x)(_l): .

forx< 0

(¢) For x>0, ln‘x‘ +C =1Inx+ C, which is a solution to the
differential equation, as we showed in part (a). For
x<0,In|x|+C =1In(=x)+C, which is a solution to the

differential equation, as we showed in part (b). Thus,

a4 In ‘x‘ = 1 for all x except 0.
dx X

(d) For x < 0, we have y =1In (-x) + C,, which is a solution
to the diferential equation, as we showed in part (a). For
x>0, we have y=1Inx + C,, which is a solution to the
differential equation, as we showed part (b). Thus,

dy

—= 1 for all x except 0.
X X

67. (@) y' = [12x+4dx
y’=6x2+4x+Cl
y:I6x2+4x+Cldx
y:2)c3+2x2+C1)c+C2

(b) y' = [e" +sinxdx
y' =e"—cosx+C,
y:Iex—cosx+Cldx
y=e' —sinx+Cx+C,
(c) y’=_[x3+x_3dx
4

_x U
4 252

’

y +C,
4
X 1
=|———5+C,dx
y .[4 2x2 1
¥

1
=—+—+Cx+C
V=50 o T2



68. (a) y' = [24x” ~10dx

y =8x*-10x+C
3=8(1)’ - 10()+C
c=5
y=[8x’—10x+5dx
y=2x4—5x2+5x+C
5=2)*-5()* +5()+C
c=3
y=2x4—5x2+5x+3

) y= fcosx—sinxdx

Yy =sinx+cosx+C
2=sin0+cos0+C
c=1

y= Isinx+cosx+ldx

y=-cosx+sinx+x+C
0=-cos0+sin0+0+C
Cc=1
y=—cosx+sinx+x+1

(c) y’=J.e"—xdx
2
Cox
"= ——+C
Y 2
2
Oze()—0—+C
2

C=-1
2
x
=|e'——-1dx
y=[e=
3
=e'——-x+C
g 6

3
1=~ % _o+c
6

C=0
3

et -
YT

69.(a) y'=x
2
X
=|xdx=—+C
y Ixx 5

(b) y'=—x
2

y:I—xdx:—%+C

(©) Y=y
d
7CX =CX
dx( e") e
y=Ce"

@ y=-y
d
7C7x =—_C —X
dx( e ) e

y=Ce™

Section 6.2 269

(&) y'=uxy
i(CeXZ/Z) — Cxelel
dx

y= Ce* /2

70.(a) y"=x
52
y —dex—7+C1
x2 %
y=J.7+C1dx=?+C1x+C2

(b) y” =—x

X X"
y=J.—7+Cldx=—Z+C1x+C2

7

(¢) y"=—sinx
Y= '[—sinxdxzcosx+Cl

y= J‘cosx+C1 dx=sinx+Cx+C,

@ y”
d X X —X ’
df(Ce +C,e” )=Cle —Ce " =y
d —X X —X ”
d—(Ce - )=Cle +Che " =y
y=Cie" +Cre"

(e) y”=—y

%(C1 sinx +C, cosx) = C,cosx—C,sinx =y’

d . .
E(Cl cosx—C, smx) =—C;sinx—C,cosx
y=C,;sinx+C,cosx

Section 6.2 Antidifferentiation by
Substitution (pp. 331-340)

Exploration1 Are Jf(u) du and Jf(u) dx the

Same Thing?
L [ f(u)du=[u’du

4
u
=—+C

4 4 4
3. fay=u’ ="’ =x"
_[dex—%
4. No
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Quick Review 6.2
2a, L osP_1 s 1os_ 32
L [ dtde=x® ] = @7 - 0=

5 (5 w2 2 3P
2. L\/x—ldX—L(x DY dr=2G-1) ]
2 3/2 2 3/2
=Z@¥2 20y
3() 3()
2 16
:78=7
3 ®=75
3. Dy
dx
PR
dx

5. D 4(x* =222 +3)°3x? - 4x)
dx

6. ﬂzZ sin (4x—5) cos (4x—5) <4
dx
=8 sin (4x—15) cos (4x—5)

d .
7. @ _ e—sin x =—tan x
dx cosx
d
8. o - *COS X =cotx
dx sinx
d 1
9. e -(secxtanx+sec2x)
dx sec x+tan x
_sec x tan x+sec? x
sec x + tan x
_sec x(tan x +sec x)
sec x +tan x
=secx
d 1
10. 1_7(_050 x cot x —csc? x)

dx cscx+cotx

csc x cot x + CSC2 X

csc x+cotx

_csc x(cot x +csc x)

csc x+cotx
=—CSsCx

Section 6.2 Exercises

1. J(cos x—3x2)dx=sin x—x>+C

2. Jx_zdx =—x"+C

3.J pol dt=£+t_1+C
2 3

1

b

9]

=)

oL

R

10

11

12

1

w

14

15

16

17.

. J(3x4—2x73+sec2x)dx=§x5+x72+tanx+C

2
. J(Zex +sec x tanx—x/;) dx =2e* +secx—§x3/2 +C
. (—cotu+C)1 =—(—0502 u)= escu
. (—cscu+C)1 =—(—cscucotu)=cscucotu

1
1 1
762x +C Z*EZX(Z):QZX
2 2

1
. L5"+C =L5)‘(ln5)=5'”
In5 In5
.(tan71u+C)]: 12
1+u
. (sin”'u+C)! -
1-u?

. .[f(u)du:j\/;du=§u3/2+C=§x3/2+c

_[f(u) dxzjx/; dx =J.\/x7dx=_[x dx=%x2+C

. | f(u) du= uzdu=1u3+C=lx15+C
3 3

jf(u)dx=ju2dxzjxlodx=%x11+c
. Jf(u) duzj.e“ du=e"+C=e""+C

_[f(u) du= Ie"dx = Ie”dx = %eh +C
. (u)du=|sinu du=-cosu+C=—-cos4x+C
Jrawau=]

jf(u) dxzjsinu dxzjsin4x dx=—icos4x+C

u=73x
du=3dx

ldu=dx
3
. L¢.
_[sm 3x dxsz.smu du
3
1
=——cosu+C
3
1
=——cos3x+C
3

Check: 4 —lcos 3x+C |= 1(— sin 3x)(3) = sin 3x
dx\ 3 3



18. u=2x>
du=4x dx

X dledu
4
jxcos(ZxZ)dx =ljc0§u du
2 s
=lsinu+C
4
1. 2
=Zsm(2x )+C

Check: -4 lsin(2x2)+c =lcos(2x2)(4x):xcos(2x2)
dx\ 4 4

19. u=2x

du=2 dx

lduzdx
2
1
Jsechtaan dxzij.secu tanu du
1
=—secu+C
2
1
=—sec2x+C
d(1 1
Check: —| —sec2x+C |=—sec2xtan2x +2 =sec2x tan2x
dx\ 2 2

20. u="7x-2
du="7dx

lduzdx
7
j28(7x —2)dx = %J.ZSMBdM =ut+C=(Tx-2)*+C

Check: i[(7x —2)t 4 c] =4(Tx—2)3(T) = 28(Tx - 2)}
dx

2L u=>
3
du=ldx
3
3du=dx
_[ dx __[ 3du
x*+9 194249
_E du
9 4% +1
1 du
39w +1
|
=—tan u+C
3

22,

Check: i(—é -7 +C)=—6[
dx

23.

24.

u=1-r>

du=-3r*dr

—ldu =rdr
3

2

Rl
=-3[u"du
=32u"*+C
=—6V1-r* +C

t
u=1-cos—
duzlsinidt

2 2

2 du=sinldt
2

Section 6.2 271

2
J l—cosi sinidt:ZJ.uzdu
2 2

2

=—u
3

S+c

1 2
(=3r7)
2 1—r3]

3
=% l—cosi +C
3 2
3
Check: i 2 l—cosi +C
dx|3 2

(Y[ 1)1
=2 1-cos—| | sin— || =

2
t .t
=|1—cos— | sin—
2 2

u=y*+4y*+1
du=(4y* +8y)dy
du=4(*+2y)dy

1
Zdu: (y*+2y)dy

)
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24. Continued
JS(y4 + 42+ 12O +2y)dy = S(i)fuzdu

2
=Zw+C
3

=§(y4+4y2+1)3+c

Check: & %(y4+4y2+1)3+C
dx| 3

=2(y* +4y* + D)2 (4y* +8y)
=8(y" +4y’ +1°(y’ +2y)
25.Letu=1-x
du =—dx
_[ dx _ @
(1-x2) u?
=u'+C
1
=—+C
1-x
26. Letu=x+2
du = dx
Jsecz(x +2)dx = jseczu du
=tanu+C
=tan(x+2)+C

27.Letu=tanx

du =sec®x dx

J\/tanx sec’x dx = Jumdu

2
== 4C
3

2
= g(tanx)m +C

28.Letu=6+§

du=do

Jsec 9+£ tan 9+£ dezjsec utanu du
2 2

=secu+C
=sec(0+ﬂ)+C
2
29. [tan(4x+2) dx

u=4x+2

du=4 dx

1

—du=dx

4

1

Z_[tanu du

= —%1n‘cos(4x+2)‘+€ or

%ln‘sec(4x+2)‘+c

=2
30. [3sinx) dx
u=sinx
du = cosx dx
du
cosx
J3 udx

=-3cotx+C

31.Letu=3z+4
du=3dz

1
—du=d.
3T
1
Jcos(3z+4)dz = fJ.cos u du
3
1.
=—sinu+C
3

= %Sin(3z+4)+ C

32. Letu=cotx

du=—csc®x dx

cotx 2x =—|u u
J\/ csc”x dx J.llzd

EP
3

= —%(cotx)‘y2 +C

33.Letu=Inx

du=ldx
x

6
ln—x dx = Iuédu
X
= lu7 +C
7
—lan7x)+c
7
34. Letu= tani
2
du= lseczidx
2 2
Jtan7 isec2 fdx = 2Ju7du
2 2
=2 lu8 +C
8
= ltan8£+C
4 2

35. Letu=s*-8

du = ismds
3

Zdu=s"ds

B~



35. Continued

3
_[sm cos(s*? —8) ds = ZICOS u du
= és,inu+C
4

= %sin(s‘”3 -8)+C

36. Jsm 13, jcscz3x dx

Letu=3x
du=3dx

ldu=dx
3
Jcsc23x dx = lJ’csczu du
3
1
=——cotu+C
3

= —%cot(3x) +C

37. Letu=cos(2t+1)
du =—sin(2t + 1)(2)dt

—%du =sin(2t +1)dt

_[ sin(2¢ +1) t=—lj.u72du

cos?(2t+1) 2
=lu_l+C
2
- e
2cos(2t+1)
1
=Esec(2t+1)+C
38. Let u=2+sint
du = cost dt
6
[ dr=6[udu
(2+sint)
=—6u'+C
6
= —+
2+sint
39.
-[x In x
u=Inx
duzdl
X
x du=dx

j@ﬂn u=Inlnx)+C
u

40.

41.

42,

43.

44.

Section 6.2

Jtanzx sec’x dx
u=tanx

du =sec® x dx

du
7= dx
sec” x

Juzdu:§u3+C

ltan3x+C
3

dex
x2+1
u=x*+1
du=2x dx
ﬂzdx
2x
7J’x +1
:fln +D)+C
> (x*+1)

fln u+C

-[4de
x2+25
u=x
a=5
du = dx

4OI du ltan_1 E+C
u +a a a

ﬂtaf 7+C:8tan71 £+C
5 5 5

3
J-cot3x _J - x

Letu=cos3x
du=-3sin3xdx

cos3x

—%du =sin3xdx

-[cot3x =_7J‘ du

=—71n‘u‘+C
3

=—lln‘cos3x‘+C
3

. o1
(Anequivalent expression is 3 In ‘sec 3x‘ +C.)

Letu=5x+8
du=5dx

ldu—dx

= Iu_llz du

J.\/5x+

:1 2u?+C
5

—V5x+8+C

273
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45. Jsecxdx = Jsecx -(W)dx

sec x + tan x

SCC2 x+secxtanx
[ecxtsecxtany

secx +tanx
Letu=secx+tanx

2
du=secxtanx+sec” xdx

Jsecxdxz J'lduz1n‘u‘+C=1n‘secx+tanx +C
u

46. Jcscxdx = Jcscx(w)dx

cscx+cotx

csc? x +cscx cotx
_ esextesex cotr
cscx+cotx
Letu=cscx+cotx
du=—csc x cotx —csc’ xdx

jcscxdx: —fldu
u
:—ln‘u‘+C
= —ln‘csc X+ cot x‘+C
47. jsin3 2x dx = j(sin2 2x) sin 2xdx

:J(l—cosz2x) sin2xdx
u=cos2x
du=—sin 2x dx
:J(l—uz)du

3
=u-LcC

3

3
cos” 2x
+C

=cos2x—

48. '[ sect xdx = _[(secZ x) sec’xdx

= J(1+ tan’ X) sec? xdx
u=tanx

du = sec® xdx

= J(1+ uz)du

M3

=u+—+C
3

3
tan” x

=tanx+ +C

49. JZsinzxdx = j(l +2sin? x —1)dx

= J(1+cos 2x)dx
u=2x
du=2dx

:%I(l+cosu)du

1
:5(u+sinu)+C

sin 2x

=x+ +C

50. j4cos2 xdx = j(—z(l —2c0s? x)+2) dx

=j(—2cos2x+2)dx
u=2x
du=2dx

=%J‘(—2 cosu+2)du

= %(—ZSin u+2u)+C

=2x—sin2x+C
51. Jtan4 X = J.tan3 x (sec? x—1)dx

= J.(tanS x sec® x — tan® x)dx
u=tanx
du = sec® xdx
= J(uz —u)du
3

=L _u+c
3
3

_fanx tanx+x+C
3
52. J(cos4 x—sin* x)dx
= J(cosz X +sin? x)(cos2 x —sin? x)dx
= [(cos2x))dx

1
=—sin2x+C
2

53. Letu=y+1

du=dy

3 _(* 2
J0\1y+ldy—J.1u du
_2 a7t
= ]1
2 3
=@y

3()
2
8

2
—(
3()

2
®=37%

54. Letu=1-r>
du=2r dr

1
——du=rdr
2

1 1 ¢0
Jr l—r2dr=—fJ. u”? du
0 241

0
:_l.zum]

2 3 1

1 1 1
= Ot (=-

3() 3() 3



5S.

56.

57.

58.

59.

Letu=tanx
du = sec® xdx

0 ) 0
_[ tan x sec xdxzf u du
—n/4 -1

L

Loy Ly
=5O-2CD

2
Letu=4+r>
du=2rdr
lduzrdr
2
1 5
J 75r2 zdrzéj. udu=0
14 +r) 275
Letu=1+6"2
du=6"dp
2
%duz@”zdé)
11046 2.2,
Jo (1+6%2)? dO—E(IO)Jl u
20
=-Su ]1

Letu=4+3sinx
du=3cos x dx

1
fdu =cos x dx

J _cosx 1'[ 02 du=0

1/4+3smx

Letu=1 +2¢
du = (5t* +2)dt

j;\/ﬁ +26 (5¢* +2)di = jju”z du

3
_2 W2
3

0
2 3/2
3()

=§m=zﬁ

60. Let u = cos26
du=-2sin 20 d6

61.

62.

63.

64.

65.

66.

—%du =sin 20 dO

/6
J Cco
0

0

u=

_[7 dx

x+2
x+2

du = dx

2

u=2x-3

_[5 dx

du
u

2x-3

du—de

2

Sdu
2 u

2 dt

1

-3

u=t-3
du=dt

2du

1

L cotx dx=

u

u=sinx

1

=—Inu

2

=lln 2x—
2

3n/4 cos x dx

du=cosxdx

3rn/4 du
n

4

I

u

u

X dx

I x2 41

=x2+1

=lnu

du=2xdx

J~3 du

Js

M:
du=e"dx

e*dx

3+e*

3+e*

2 du

0

——lnu

u

1

3r/4
‘ B =In(s mx)

3

lnu‘ =ln(x+2);=ln(2

sin x

= %m(x2 +1) :

9

3)2:

1
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/
s 26 sin 26 dez—ij” -
271

): 1.504

/4
=0

/4

\ —InG+eY) §=0.954

%ln(7) =0.973

=In u‘ - 111(:—3)\12 - m(2)= ~0.693

= % In(5)=0.805
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67. Let u=x"+9, du=4x> dx.

1 x3dx

0\/x“+9 -

(a)

m) |

fo
0x*4+9

/3
(a) J 6 (1—cos3x)sin3xdx = J
T

X

3

dx=%\/x4+9:|

9 4

1 1
=—10——
2\/_ 2\/5

101 1
_J‘ s T du:Eul/z]

10

9

1 3
=-10-2~0.081
2J_ 2

3

1
7} dx= J.f u"? du
x"+9 4

1
=—u"?+C
2

NI,
2

1

0

1 1
=_Jio-—
5 2J§

1 3
=—+10-=-=0.081
2 2

68. Let u=1-cos 3x, du=3sin 3x dx.

2
21
fuduzluz
13 '

6

1
6

(b) j(1—cos3x)sin3x dx = jéu du

n/3 . 1 5
J (I—cos3x)sin3xdx =—(1—cos3x)
w6 6

:41u2

1
=-qa
6(

!
6

+C

—cos 3x)2 +C

2_1 2 _
@7 ==

69. We show that f'(x) = tan x and f(3) = 5, where

fx)=

fx)=

In

d
— 1
dx(

cos3

cos3

n

+5.

cos3

$

Cosx

d
= f(ln‘COSS‘ —ln‘cosx‘ +5)
dx

f3=

d
—*ln‘cosx‘

Ccos

cos 3

cos 3

(—sinx) =tanx
X

+5=(nD)+5=5

Lop Lol
=@ - =

/3

/6

1

(S

sin x

70. y=In +6

sin2
u=sinx v=sin2
du = cos x dx

+6)

dyzd(ln
d
dy:a(ln\u\—ln\v\m)

u

dx v

du cos x
dy=—=——=cotx
u sinx

f(2)=cot(2)=6

71. False. The interval of integration should change from
[0, w /4] to [0,1], resulting in a different numerical answer.

72. True. Using the substitution u = f(x), du= f’(x)dx,

b’ (x)dx P du 7®
we have Ja I = 'ff(a) 7=1nu‘f(a)
fb)
=In(f(b)-1 =In| == |.
n(f(b)—In(f(a) n(f(a)J
73.D.
2w 4
TE [ o= =* —!
2|, 2

75.B. j:F(x—a) dx=FG-a)-F(3—a)=1

J:__:F(X)d“F(S—a)—F(3—a):7

76. A. disinx =cosx

X

cos(—ﬂ) =0
2

cos(0)=1

cos(”) =0
2

77.(a) Letu=x+1
du = dx

J\/x+1dx: jumdu
200
3

=%(x+l)3/2+C

2
A]tematively,dd(:‘}(x +1)¥2 4+ C) =x+1.
X

(b) By Part 1 of the Fundamental Theorem of Calculus,
%: Vx+1 and%: Vvx+1, so both are
X x

antiderivatives of Vx+1.



77. Continued
(c) Using NINT to find the values of y, and y,, we have:

x 0 1 2 3 4
A 0 1.219 2797 | 4.667 | 6.787
Y, —4.667 | -3.448 | -1.869 0 2.120
Y=Y, 4.667 | 4.667 | 4.667 | 4.667 | 4.667
c=42
3
@C=y -

:j(j\/ﬁ dx—J';\/m dx
=J.;\/m dx+_[j\/m dx
=j;ﬁ dx

78. (a) di[F(x) + C]shouldequal f(x).
X

(b) The slope field should help you visualize the solution
curve y = F(x).

(c) The graphs of y, = F(x)and y, = L: f()dt should differ
only by a vertical shift C.

(d) A table of values for y; — y, should show that
y1 — y, = C for any value of x in the appropriate
domain.

(e) The graph of f should be the same as the graph of NDER
of F(x).

(f) First, we need to find F(x). Let u = x> +1, du = 2x dx.

'[\/;C—l dx= J‘%Lf”zdu
x*+

— ul/2

=\Vx’+1+C

Therefore, we may let F(x) = Va2 1

a) —(\/x +140)= 7(2@

22 +1
=T =f(x)

x“+1
b) [X R =~~~ ~ 27 ~
N NN - A
e T o i o
NN oy
A Er e s
. e e
e mefm
R i
NN v

[-4,4]by [-3,3]

c) \\/

[—4,4]by [-3,3]
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d)
x 0 1 2 3 4
» 1.000 | 1.414 | 2236 | 3.162 | 4.123
A2 0.000| 0414 | 1236 | 2.162 | 3.123
Vi — W 1 1 1 1 1
€)

[—4,4]1by [-3,3]

79. (a)jzsinxcosxdxz fzudu=u2+czsin2x+c
(b)jzsinxcosxdx:—jzuduz—u2+c=—cos2x+c

(¢) Since sin? x — (- cos? x) =1, the two answers differ by a
constant (accounted for in the constant of integration).

80. (a)jzseczxtanxdx:jzudu=u2+c=tan2x+c
(b)jzseczxtanxdx:jzuduzuz+c=sec2x+c

(¢) Since sec? x—tan” x = 1, the two answers differ by a
constant (accounted for in the constant of integration).

dx cosu du cosu du
81. (a) = = = | ldu.
J\/ J‘\/l—sinzu \/coszu J

(Note cosu > 0,50/ cos” u =|cosu| = cosu.)

=Ildu=u+C=sin’1x+C

dx
b
®) | =

dx secudu
2. [ L[
1+x 1+tan“u

et

=z =Jldu=u+C=tan71x+C

12 \/—dx J-sm”Msiny- 2sinycosy dy
sin l\/6 \/1—Sin2 y

142 d
_J” 7sm yeosyay J. 2sin’ y dy

cosy
12 fdx

=
_j (1-cos2y)dy=[y—(1/2)sin2y]™"*
=(n-2)/4

83()j

(b) J J.(:m 2sin? y dy
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84. (a) V3ode J-tan"\/? sec’u du 6. y=cosl(x+1)
0 ,1+x2 tan™' 0 ,1+tan2u cosy=x+1

x=cosy—1
wi3sectudu a3
= J.o —_— =J secu du

1
secu 0

1, 1
7. Josmn'x dx = ——cosn’x]
/3 T

0

(b) J'Oﬁ d_ J.:Bsecu du= [ln‘secu + tan u‘]

\/1+x2
:1n(2+J§)—1n(1+0)=1n(2+J§)

0 1 1
=——cosm+—cos0
T T

= Lepel2
Section 6.3 Antidifferentiation by Parts d d
(pp. 341-349) g, D _
dx
Exploration 1 Choosing the Right u and dv 2
dy=e""dx
1. u=1 du=0 Integrate both sid
dv=xcosx vzjxcosxdx flegrate 23 sies.
_[dy = je dx
Using 1 for u is never a good idea because it places us 1
back where we started. y=—e**+C
2. u=xcosx du=cosx—xsinx
_ _ _ dy .
dv=dx V—de—l 9. =x+sinx
dx

The selection of u = x cos x will place a more difficult dy = (x +sinx)dx

integral into Jvdu. Integrate both sides.

3. u=cosx du=-sinx jdy=j(x+sinx)dx
dv=xdx vz'fxdx:x2 y=%x2—005x+C
The selection of dv = x dx will place a more difficult y(0)=—-1+C=2
integral into Jvdu. c=3

1
y=fx2 —cosx+3
4. u=xand dv=cosxdx are good choices because the 2

integral is simplified. 1
. . 10. —e*(sinx —cosx)
Quick Review 6.3 dx\2
ﬂ— 3 1 2 _1 X . . 1 X
1. P =(x”)(cos2x)(2)+(sin2x)(3x") _Ee (cosx+s1nx)+(smx—cosx)5e
X
a3 2 L, [ [ L,
=2x7cos2x+3x"sin2x :Ee COS)H_Ee smx+Ee sinx ——e” cosx
2. dy:(e”)( 3 )+ln Gx+1)2¢>) e smx
dx 3x+1 Section 6.3 Exercises
2x .
_ 3e +26%In Gx+1) 1. stmxdx
3x+1
dv=sinx dx vzjsinxdxz—cosx
3.@=%- U=Xx du=dx
dx 1+(2x) —xcosx—J—cosxdx=—xcosx+sinx+C
2
1+4x2 2. Jxexdx
4 dy _ ! dv=e"dx vzjexdxzex

" dx /1—(x+3)2 u=x du=dx

X xex—jexdxzxex—ex+c
5. y=tan  3x

tany=3x

1tan
xX=—
3 y



3. [3rear
ezz
dv=edt y= Ietht =—
2
u=73t du=3dt
2t 2t
3t e——j3 Cgr= 3y
2 2 2 4
4. [2rcos (31) dt
sin 3¢

dv=cos3tdr v= jcos (3t) dt =

u=2t du=2dt

sin 3¢ B J2 cos (3t)

2t dt=

gtsin3t—zcos Bn+C
3 9

5. sz cos x dx

dv=cosxdx
u=x’ du=2x dx

2 . .
x“sinx — Iszmx dx

V= Jcosx dx =sinx

V= fsinx dx =—cosx
du=2dx
x2sinx+2xcosx— JZcosxdx

dv=sinx dx

u=2x

=x%sinx+2xcosx—2sinx+C

6. sze_"dx
dv=e*dx v= Ie‘xdx =—e
u=x’ du=2xdx
—x%e T - J—Zx e Ydx
dv=e™* v:J.e_xdx:—ex
u=2x du=2dx
—x%e ™ —2xe” x—j —2¢ Fdx=—x%"F—2xe =2 +C
7. [3x% ¢dx
er
dv=edx v= J.ezxdxz—
2
u= 3x2 du 6x
3x ——js —dx ; 2" — [3x ™ dx
2x
dv=e>* y= Jez"dx =
2
u=23x du =3dx
3x2 2 xez"+§e2x+C
2 4
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8. sz cos(x)dx
2

10.

11.

dv = cos X dx v—jcos dx =2sin| —
2 2 2

u=x> du=2x dx

2xzsin(x) J4xsm( )dx

2 2

vzjsin X dx =-2cos X
2 2

u=4x du=4dx

2x2sin +8xcos X
2 2

—_[8005 X dx =2x"sin +8xcos| — [-16sin| = [+C
2 2 2 2

dv=sin X
2

.Jylnydy
2
Yy
d = d = d = —
v=ydy v=[ydy 5
=lny duzldy
y
1, Yoo 1,y
—y'Iny-|——dy=—y"Iny——+C
;Y Iy '[Zy y=2ylny-=
Jtzlntdt
13
dv=12dt vzjtzdtz—
3
1
u=Int du=—dt

1, 11 }
—’In I—Jz—fdtzft31nt—t—+c
3 3t 3 9

Jdy=[(x+2)sinx)dx

dv =sinx dx V:Jsinxdxz—cosx
u=x+2 du=dx
—(x+2)cosx—j—cosx dx=—(x+2)cosx+sinx+C
2=—(0+2)cos(0)+sin(0)+C
2=-2+C
Cc=4
y=—(x+2)cosx+sinx+4

o e e e ]
S e e ]
o, S ]
S e e e ]
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12. [dy=[2xe"dx
dv=e" v= Je_xdx =—e"
u=2x du=2dx
—2xe " — J—ZeﬂC dx=-2xe™* =2¢"+C

3=-2(0)e" V-2 +C

5=C

y=-2xe * -2 +5
" =
i
Biptipiite s
Badivintntoliustyind
N
b .

e —

MipfptoteS alututon

[-2, 4] by [0, 10]
13. Jdu =Jx sec? xdx

dv= Iseczxdx v= fseczxdxztanx
w=x dw=dx
X tanx—jtanx dx=xtanx+Inlcosx|+C
1=0tan (0)+Inlcos (0)I+C
C=1
u=xtan(x)+Inlcos(x)l+1

[-1.2, 1.2] by [0, 3]
14. jdz = jx31nx dx

4
dv=x" v:Jx3dx:x—
4

u=Inx du:ldx

x
4 4 4 4
x—lnx—jx—ldx=x—lnx—x—+c
4 4 x 4 16
4 4
5=Q1n(l)—Q+C
4 16

15.

16.

'[dyz J.x\/; dx

dv=x-1"  v=[@x-1"dx= %(x —1*?
u=x du=dx
%x (x—1)3/2—f§(x—1)3/2dx

2 iy 4 52
=Zx(x-"-Z(x-D"*+C

3X(X ) 15(x )

2 i 4 512
2=—0A-D""—-—1-D""+C

3()( ) 15( )
Cc=2

2 3/2 4 5/2
=Zx(-1 -2 x-? 42
y 3X(x ) 15(x )

—m o S F T

[1, 5] by [0, 20]

dez IZx Vx+2dx

dv:(x+2)1/2 V= J(x+2)1/2 d)cz%(x+2)3/2
u=2x du=2dx

4 42y - ji(x +2)72 ax

3 3

4 3/2 8 5/2
=2 x(x+2)V - = (x+2"?+C
3X(x ) 15(x )

4 3y 8 502
0=2 (D (-1+2"2 -2 1+2"2 +C

3( ) ( ) 15( )
C=f28

15

4 w8 s, 28

=—x(x+2)? -2 x+2)2+ =2

y 3X(X ) 5 (x+2)

15

e =

[-2, 4] by [-3, 25]

17. je* sin xdx

dv=e"dx V:J.exdxze’C

u=sinx du=cosx dx
e*sinx — 'fe" cosxd
dv=e"dx vzj.exdxzex

U=Cosx du=—sinx dx
J.ex sinxdx =e*sinx—(e* cosx — I—e" sin x dx)

X
. et .
_[ex sinxdx= E(smx—cosx)+C



18.

'[e_x cos x dx

dv=cosxdx vzfcosxdxzsinx
u=e" du=—e"dx

e Fsinx— j—e’)‘ sin x dx

dv=sinxdx vzjsinxdxz—cosx

u=e - du=—-e"dx

—x —X - —x —x

Je cosxdx=e " sinx—(e cosx—f—e cosxdx)

e—x

Iefxcosxdxz (sinx—cosx)+C

19. jex cos 2x dx

20.

21. Use tabular integration with f(x) = x*and gx)=e".

dv=cos2x dx v= Jc0s2x dx = 2sin2x

u=e" du=e"dx

2e* sin2x — IZsin 2x e*dx

dv=2sin2x v:_[2sil12x dx =—4cos2x
u=e* du=e"dx

J.ex cos2x dx
=2e" sin2x —(—4e”* cos2x — J—e"dx 4cos2x dx)

X

J.ex cos2x dx = %(2 sin2x +cos2x)+C

je‘* sin2x dx

dv=sin2x dx v=[sin2x dx=-2cos2x
u=e -~ du=—e“dx
—2e " cos2x— J.Ze_x cos2x dx
dv=cos2x dx v:_[cos2x dx =2sinx
u=e " du=—-e"dx
je"" sin2x dx=-2¢ % cos2x
—(2e " sinx— J‘—Zefx sinx dx)

e—X

5

je"“‘ sin2x dx=——(2cos2x+sin2x)+C

X

flx) and its 2(x) and its
derivatives integrals
2 +) &
4x3 O —e*
122 ) &=
24x () -
24 +) et
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Jx4e_x dx
=—xte T —4xPe ™ —12x% T —24xe " =247 +C
=—(x* +4x° 41257+ 24x 4 24)e " + C

22.Let u=x>—5x dv=e”* dx
du=2x-5) dx v=e"
[ =5x)¢" dr=(x" - 5x)e" — [ (2x-5) ax
Let u=2x-5 dv=e" dx
du=2dx y=¢"

(x* =5x)e* = [e*(2x=5) dx
=(x*=5x)e" —(2x—5)¢" + [2¢" dx
=2 -5x)" —(2x—5)e* +2¢* +C
=(x>=Tx+7)e* +C

X

23. Use tabular integration with f(x) = x> and gx)= e,

f(x) and its £(x) and its
derivatives integrals
x (+) e
2 D N
3x (_) 5 [ v
1 iy |
6x *+) i
! - o
6 (=) g [
1 o
0 T e
Jx e dx
1 _ 3, 3 3 _
:—*x3€ 2x_7x26 2x_7xe 2x_ie 2x+C
2 4 4 8
x* 3x% 3x 3 ox
=—| +=—+=+= | +C
2 4 4 8

24. Use tabular integration with f(x) = x> and g(x)=cos 2x.

f(x) and its g(x)and its
derivatives integrals
P &\ cos 2x
32 © % sin 2x
1
6x ) ~3 cos 2x
1.
6 ) 3 sin 2x
0 -1 cos 2x
16

3 2
x—sin 2x+3icos 2x—3—xsin 2x—§cos 2x+C
2 2 4 8
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25. Use tabular integration with f(x) = x% and g(x)=sin2x.

Sf(x) and its £(x) and its
derivatives integrals
X2 (+) sin 2x
2% 1 2x
X 3 - > cos 2x
2 —Lgn
(+) y sin 2x
0 X cos 2x
8

1 1 1
sz sin 2x dx = —Exz cos 2x+5x sin 2x+—cos 2x+C

—
|
o
=
¥}

= Jcos 2x+§sin 2x+C

[(1-2x2 x "
cos 2x+—sin 2x
4 2
o
x 2
1_2(2) 1
= — (—1)+0—(4)(1)—0

4

w2 o5
J x“ sin 2x dx
0

71'2

:——1z0.734
8 2
Check: NINT(x sin 2x, x, 0, 2) 0.734

26. Use tabular integration with f(x) = x> and g(x)=cos 2x.

Sfix) and its g(x) and its
derivatives integrals
0 (+) cos 2x
2 1 .
Ix- (=) — sin 2x
2
6x 1 25
{+) = Z COS§ 2x
B
6 =) 3 sin 2x
1
0 — cos 2x
16

1
Jx3 cos 2x dx = —x> sin 2x+§x2 cos 2x—§x
2 4 4

sin 2x — g cos 2x

3 2
= x——3—x sin 2x + i—é cos2x+C
2 4 4 8

3 3 32 3 /2
I”/2x3 cos2x dx = XX sin 2x + R cos 2x
0 2 4 4 8 N
3 3 3
=0+ —-=|(-D-0-|—= |
[16 8} o-(-2o

3.7 o
416

Check: NINT (x3 cos2x, x, 0, ’;) ~~1.101

27. Let u=e** dv =cos3x dx

du=2¢* dx vzlsin 3x
Jezx cos 3x dx = (ezx)(?,sm 3x)— J(;sin 3x)(232x dx)
= lezx sin3x — %J‘ezx sin 3x dx
3 3

2x

Let u=e dv =sin 3x dx

du=2e" dx v= —%cos 3x

1
Jer cos 3x dx =—e”* sin 3x
2 1 1
—3[@2")(—3 cos 3xJ—j(—3cos 3x)(2€2x dx):|
1 2x . 4 2x
=—e“" (3 sin3x+2cos 3x)—fJ‘ cos 3x dx
9 9
1 1
—3je2x cos 3x dx =—e*(3 sin 3x+2cos 3x)
9 9

J‘eh cos 3x dx = %eb‘ (3sin 3x+2cos 3x)
3
3 2x 1 2x .
J_ze cos 3x dx = |:13€ (3sin 3x+2cos 3x):|
2

= %[e"@ sin 9+2 cos 9)
—e*(3sin(=6)+2 cos (=6)]
= %[e"(z cos 9+3sin 9)

—e*(2cos6-3sin 6)]
~—18.186

Check: NINT (ezx cos 3x, x,— 2, 3) ~—18.186
28.Let u=e > dv =sin 2x dx

=—lcos 2x

v
2x 2x 1
Je sin 2x dx = (e~ ( 5 cos Zx)

—%cos 2x)( 2¢7% dx)

du=-2¢"" dx

=——e¢ Y cos2x— J. 2% cos 2x dx
2



28. Continued

Let u=e > dv =cos 2x dx
du=-2¢%"

1
v =—sin 2x
2

1 1.
Ie’z"sin 2x dx = —Ee’h cos 2x —|:(e2x)(zsm 2x]

- J(;sin 2x)(—2€2x dx):|

= —%e’z"(cos 2x+sin 2x) — Je_z'”sin 2x dx

2je‘“sin 2x dx = —%e“2x(cos 2x +sin 2x)+C

—2x

J.e*zxsin 2x dx=-— (cos 2x+sin 2x)+C

P —2x
J e *sin 2x dx = |:— ¢
3 4

2
(cos 2x +sin 2x)]
-3
ot
= —T(cos 4 +sin 4)

o
+ ) [cos(—6)+sin (—6)]
-4
= —eT(cos 4+sin 4)

6
+%(cos 6—sin 6)

~125.028
Check: NINT(e"zX sin 2x, x, — 3, 2) ~125.028

29. y= fxze4x dx

Let u=x> dv=e*dx
du=2x dx v=ie4”

y= (xz)(ie4x J— I(ie“)@x dx)

X
4
Letu=x dv=e* dx
du=dx vzle“
4
1 2 4x 1 1 4x 1 4x
=22 | @) e |- [| Se™ |a
y 4x 2|:(x)(4e J.4e x
1 1 1 ’
y=—xe* - —xe™+—e¥ +C
4 8 32
1

30.

31.

32.

33.
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y:fx2 In x dx
Letu=Inx dv=x?dx
1 1
du=—dx v=—x’
X 3

1 1 1
y= (]n x)(3x3)— I(3x3)(xde
1 1
y= §x3]nx—gjx2dx

1 1
yz,x3 Inx——x*+C
3 9

y=[0sec0 do
Letu=sec ' 0 dv=0do
du=¥du v=102
oNe> -1 2

Note that we are told 6> 1, so no absolute value is needed
in the expression for du.

PN i DO R I P 1
y=(sec 9)(29) j(ze )(0 02_1019]

2l6| do

Vor -1

Letw=6%>—1, dw=26d6

0> 1
=— 0——
y 2sec 4J‘

_92 -l g 1 1124
y—TSEC —ZIW w
2
yzise0719—1w1/2+c
2 2

2

yz%sec_le—%\/92—1+c

y= J.G sech tanf d6

Letu=6 dv=sec tanf df
du=d6f v=sect

y=0 sece—jsec 0 do

y=06 secO—ln‘sec9+tan0 +C

Note : In the last step, we used the result of Exercise 29 in
Section 6.2.

Letu=x dv =sin x dx

du = dx

V=—C0SX

Jx sin x dx=—x cosx+Jcosx dx
=—x cos x+sin x+C

(a) j:‘x sin x‘ dx = I;x sin x dx

. T
= [—x COS X +sin x]o
=—-n(-1)+0+0(1)-0
=n
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33. Continued

(b) Ljn‘x sin x‘ dx:—_[j”x sin x dx

:[x cos x —sin x]iﬂ
=27(1)-0-m(-D+0
=3r
(c) _[:n‘x sin x‘ dx = J-;‘x sin x‘ dx+'[j”‘x sin x‘ dx

=r+3n=4rn

34. We begin by evaluating [ (c* + x+1)e™" dx.

35.

Let u=x>+x+1 dv=e"" dx
du=Qx+1)dx y=—e"
J(x2+x+1)e_x dx
=—(x2+x+1)e"‘+j(2x+1)e‘x dx
Let u=2x+1 dv=e"" dx
du=2dx y=—e *
J(x2+x+1)e_x dx
=—(?+x+D)e” — Qe+ De "+ [2¢7 dx
=2 Hx+DeF—Qx+D)eF =2 +C
=—(2+3x+De  +C

L
ﬁ:i&g‘éggt&l‘ﬂ' =1.1031728

[-3.3] by [-3.3]
The graph shows that the two curves intersect at x = &,
where k = 1.050. The area we seek is

J.(f(x2 +x+1)e™" - I(fxz dx

2 S 1T

[—(x +3x+4)e X] —|:x :|

0 3 N
(—2.888+4)—(0.386-0)

N

=0.726
First, we evaluate Je"’ cos t dt.
Let u=e"' dv=cos tdt
du=—e"'dt v=sint
Jef' costdt=e'sin 1+ Isin te' dt
Let u=e"' dv=sin tdt
du=—e" dt v=—cost

Je"’cos tdt=e'sint—e'cos t— Ie”cos tdt

ZIe"cos tdt=e'(sin t—cos )+ C
1
Je"’cos tdt= Ee_’(sin t—cos )+C

Now we find the average value of y=2e¢'cos ¢ for
0<t<2m.

1 e2n 7{
Average value = —_[ 2e ‘costdt
2 90

1 2m _
= J e~'costdt
Y0

1 21
=—¢'(sin t —cos t):|
2w o
_ 1 -2 0

—%[e (-D=e"(-1)]
1— 6—271

Y
36. True. Use parts, letting u = x, dv = g(x)dx, and v = f(x).

=0.159

37. True. Use parts, letting u = x%, dv = g(x)dx, and v = f(x).

38. B. szcos x dx=x%sin x+2x cos x—2sin x+C

See problem 5.
J2x sin x dx =—2x cos x+2sinx+C
See problem 1.
h(x)=x*sinx+C
39.B. [xsin (5x) dx
dv=sin(5x)dx  v=[sin(5x) dv= —é cos5x

u=x du=dx

1 1 1
—gxcos(Sx)—J—gcos(Sx) dxz—gx cos x
1
+—sin(5
25 sin(5x)
40.C. [x esc”x dx

dv=csc’x dx y= Jcsczx dx=—cot x

u==x du=dx

—x cot x—J—cotx dx=—x cotx+In |sinx|+C

41.C. [dy=[4xInx dx

dv=4x dx v=f4xdx=2x2
1

u=In x du=— dx
x

1
2x2 lnx—Isz —dx=2x’Inx-x>+C
x

42.(a) Letu=x dv=e"* dx
du=dx v=e"

Jxex dx=xe" — J'ex dx
=xe*—e"+C
=(x-De"+C

(b) Using the result from part (a):
2 dv=e" dx
du=2xdx v=e"
_[xz e dx=x2e" - J2xe" dx
=x%e" —2(x—1e*+C
=(x*-2x+2)e" +C

Let u=x



42. Continued
(c) Using the result from part (b):

Letu=x’ dv=e"dx
du=3x%dx v=e*
J.x3ex dx=x>e* —_[3x2 e* dx
=" =3 -2x+2)e* +C
=@’ =3x" +6x—6)e" +C

e"+C

d d
d n_% ny @ on_
d) | x X 7

or I:x” —nx"M 4 nm-1)x"?

o (=D e+ (=1)" ) Jet + €
(e) Use mathematical induction or argue based on tabulat
integration.

Alternately, show that the derivative of the answer to
part (d) is x"e*

%I:(x" —nx" 4 nm—-1)x"2 -
(=1 o+ (=1 nl)e’ +C]

=[x"—nx"" +nm-1)x"?
(=D @ x+ (= 1) "nlle" +

d
e —| x" —nx" '+ n(n-1)n"?
ul (n—1)

(=D @ x+(=1)"n!]
=[x"=nx""+n@m-1x"? -
(=D () x+(=1)"nlle”
+|:nx”_1 —n(n—-1)x"2
+nn-1)n-2)x"" -
e (=D nlle”

:xnex

43. Let w=n/x. Then dw=-2.
2/x
jsin Jx dx= j(sin W) 2w dw) = 2fw sin w dw
dv=sin wdw
vV=—COS W

Let u=w
du=dw
Jw sin wdw =—w cos w+jcoswdw
=—w cos w+sin w+C
[sini/x dx=2[w sin w dw
=-2w cos w+2 sin w+C
=—2\/; cosvx +2 sinx/;+C

1
44.Let w=+/3x+9. Then dw =———=(3) dx, so
24/3x+9
=g\/3x+9 dw=§wdw.
J 39 gy = J(e ( wdw) fwewdw

50 dx = 24x dw=2w dw.
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Let u=w dv=e"dw
du=dw v=e"
J.wew dw=we" —J.ew dw

:WeH/_eW
=w-1)e"
[ 2 ,
J‘e 3x+9dx:*J.W€M dw
3
2
= — —1 w
3(w e

2 o~
=§(\/3x+9—1)e 94 C
45. Let w= x°. Then dw = 2x dx.
, . 1 ,
jx7ex dx=j(x2)36’( xdx=5-[w3 e" dw.

Use tabular integration with f(x) = w> and g(w) = ¢".

flw) and its 2(w) and its
derivatives integrals
w? (+) e"
3w? ) e
6w *) e
B <
0 e"

Jw3 Yaw =we” —3we” +6we"” —6e”
=W’ 3w +6w—6)e" +C
_[x7e)‘2 dx =l_“w3 e dw
2

=%(w3—3w2+6w—6)ew+c

6 _ . 4 2 X
:(x 3x" +6x°—6) +C
2
46. Let y=1In r. Then dy = ldr, and so dr=r dy=e¢” dy.
r
Using the result of Exercise 13, we have:
J'sin (Inr)dr= f(sin e’ dy

= %ey(sin y—cosy)+C
= ; " Isin (In )—cos (In 7)]+C
= %[sin (In r)—cos (In r)]+C

47. Let u=x" dv =cos x dx

du=nx""'dx v=sinx

Jx” cosx dx=x"sinx— I(sin X)(nx™dx)

n—1

=x" sinx—njx sinx dx
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48. Let u=x" dv=sinx dx

du = nx""dx V=—CoSx

[ nsinx dx = (" Y—cosx)- [ (— cosx)(nx""") dx

=—x"cosx+ njx"‘l cosx dx
49. Let u=x" dv=e" dx
d _ n—1 _ l ax
u=nx""" dx e

V=
X 1 ax n—1
)—J(e )(nx dx)
a
x"e

a
n_ax n 1 a.
Jx e dx=x")| —e
a
= —Ej‘x'ﬂeax dx,a#0

a a
50. Let wu=(Inx)" dv=dx
n—1
du= M dx v=2Xx
X

n—1
J(n 2" dx=(1n x)" 0~ jx[”(]”)] dx
X
= x(Inx)" = n [ (Inx)"" dx

51. (a) Let y= f~'(x). Then x = f(y), so dx = f'(y) dy.
Hence, [ £7'(x) dx= [/ dy]=[y £ () dy
(b) Let u=y dv=f'(y)dy
du=dy v= ()
[yrmdy=yrom-[fo ay
= o - [ f() dy
Hence, jf_l(x) dx = J-yf’(y) dy
=x 0= [ £ dy.

52. Let u=f"'(x) dv=dx

duz(;if_l(x))dx V=2Xx
[ dx=xf‘1(x)—Jx(df“<x>]dx
dx

53, (a) Using y= f"'(x)=sin"'x and f(y) = siny,
—ES ySE, we have:
2 2
J‘ . -1 _ . -1 .
sin” x dx = xsin x—J.smy dy
=xsin"' x+cosy+C
=xsin"!x+cos (sin_lx) +C

d
b) |sin”'x dx=xsin'x— | x| —sin"'x | d
( )J xdx=x X -[x(dx x| dx

=xsin"'x— J.xﬁdx

uzl—xz, du=-2x dx

= xsin71x+lj‘u7]/2du
2
:xsin’1x+ul/2+C
=xsin 'x+Vl-x2+C
(¢) cos (sin_1 x)=+1-— x2
54. (a) Using y= f_'(x) =tan"'x and f(y)=tany,

T b4
—-—<y<—, we have:
2 2
Jtanflx dx = xtanflx—J‘tany dy
:xtan’lx—ln‘secyhc
(Section 6.2, Example 5)
=xtan_1x+ln‘cosy‘+C

=xtan ' x+ ln‘cos (tan_1 x)‘ +C

d
b) [tan™'x dx=xtan"'x— = tan”! d
(b) J xdx=x X Jx(dx x | dx

1

-1

=xtan  x-— |x dx
J. (1+xzj

u=1+x2, du=2x dx

1
=xtan_1x—f'fu_1 du
2
_1 1
= xtan x—Eln‘uHC
=xtan_1x—%ln (1+x2)+C

1
\/1+)c2

55.(a) Using y= f_l(x) =cos ' x and
f(y)=cosx,0<x <m, we have:
Jcos_lx dx=cos'x— Icosy dy

(c) ln‘cos (tan_lx)‘ =In = —lln (1+x2)

=xcos_1x—siny+C

=xcos™ x—sin (cos™'x)+C

d
b) [cos™'x dx=xcos™'x— Zcos'x|d
(b) J xdx=x X Ix(dx x | dx

=xcos_1x—_[x(— ! ]dx
V1-x?
u=1—x2,du=—2x dx
1
=xcos’1x—fju’1/2 du
2

=xcos ' x—u?+C

=xcos 'x—vl-x?+C
(c) sin (cos_lx)lel—x2



Section 6.4 287

56. (a) Using y= f~'(x)=log, x and f(y) =2, we have Section 6.4 Exponential Growth and Decay

Jlogzx dx:xlogzx—J.Z"dy (pp.350-361)

2 Exploration 1 Choosing a Convenient Base
=X 10g2 X — E +C

1 1. h= 1 = 1 h is the reciprocal to the doubling period.
= xlog, x — ——2"08%* t 5
> 2
J 2.3=2"
(b) Jlogzxdxleogzx—fx(dxlogzx) dx Slog3 _
log?2
1 1
=xlog x—J.x dx > 0g3:t:7.925 years.
2 xIn2 log 2
=xlog, x— J‘i 1 1
=x10g, In 2 3. h= P = 10 h is the reciprocal to the tripling period.
=xlog, x— i +C _ 2t
22 In 2) 4.2=3
log?2
=ht
(¢) 28" =x log 3
10log2
Quick Quiz Section 6.1-6.3 Ty =1=6.3093 year.
L.E. g
2.C. 5. h= % = % h is the reciprocal to the half life.
3. A Jxezxdx 1\
2 6. .10= ()
dv =e*dx V= J.ehdx=7 log(.10) — ht
u=x du=dx log(l)
2
15log(.10)

] =1=49.83 years.
10g(2)
Quick Review 6.4
1la=¢
2. c=Ind
3. In(x+3)=2
x+3=¢*

2
x=e -3

(b) Let% =2 and y=2x+b in the differential equation: 4. 100¢2* = 600

2x
2=2Qx+b)—4x e =6
2=2bh 2x=1n6
b=1 x= l1n6
J 2
(c) First, note that d—y =2(0)—4(0) = 0 at the point (0, 0). 5. 0.85"=25
) o In0.85° =1n2.5
Atso, Y= L0y _ax)= 2% _ 4 which is 4 at the ¥In0.85=In2.5
dx=  dx dx = In2.5 ~ 5638
point (0, 0). In0.85 ’
By the Second Dervative test, g has a local maximum at 6 R+ _ 3k

(0, 0).
In 28! = n 3%

(k+1)In2=kIn3
In2=k(In3-1In2)
In2

k=——=1.710
In3—In2



288 Section 6.4

7. 1.1'=10
Inl.1" =In10
tInl.1=1n10
L P YR LY
In1.1 logl.1
1
-2t
e =—
8 4

tz—lln l =11n4=1n2
2 4 2

9. n(y+1)=2x+3
y+1=e2x+3
y=_1+62x+3
10. In|y+2/=3r-1
‘y+2‘:e3’71
y+2:i—e3’_l

y=-2% !

Section 6.4 Exercises

1. Jydsz.xdx
2 2
y—=X—+C
2 2
@’ =1*+C
Cc=3

y= x>+ 3, valid for all real numbers

2. Jydyz—J.xdx
2

2
y—:—x—+C
2 2
@)’ =-4)’+C
Cc=25

y=+/25—x2, valid on the interval (-5, 5)

1 1
3. jy dy_jx dx
Iny=Inx+C
y=x+C
2=2+4+C
Cc=0
y =x, valid on the interval (0, )

4. j% dy=[2x dx

In y=x2+C
-2 2
‘y‘:e,\ +C:eCe,\

y= +Ae" = 3e"2, valid for all real numbers

5. j% :j(x+2) dx

2
In (y+5)=%+2x+c

2 -
y= e* 1242x+C _5

2 2 "
y:ecex /2+2x_5:Aex /2+2,\_5

X2/242x

y=6e — 5, valid for all real numbers

dy
6. J-COSZ)/' _J.dx

tany=x+C
tan(0)=0+C
Cc=0

y= tan”! x, valid for all real numbers.

7. % —cos x ¥ *
dx

'[e_y dy=J.cos x ™ dx
—e 7 =e""+C
_eO :esm 0 +C

C=-2
y=—In (2—¢%"*), valid for all real numbers.
8. % =e’e"
Je_y dy= 'fex dx
-V =e"+C

C=e?-e=e*-1
y=In (e* +el— 1), valid for all real numbers.
1
9. [ dy=[-2x ax
y
—y'==x*+C
1

—=1+C
25

Cc=3

y= %, valid for all real numbers.
x“+3

o, DAy nx

X

:J-4lnx dx

dx
Jﬂ
Jy
u=In x

du=l dx

X
2y =[4u du
2Jy=2u*+C
y=(n x)*+C
I=(0n e)+C
Cc=0

y=(n x)4, valid on the interval (0, o).

X



11. y(t) = yoek’
y(t) =100e!>

12. (1) = y, e
y(t) = 20070

13, y(t)=y,e”
y(t) = 50"
¥(5) =100 = 50>
2=¢*
In2=>5k
k=021n2
Solution : y(£) = 50¢%2 " P or y(r) =50 » 2%

14. y(t) = yoek’
y(t) = 60"
y(10) = 30 = 60¢'%*
1 elOk

2

1
In—=10k

2

k=0.11n%=—0.11n2

Solution: y(r) = 60e~ " Por y(r) = 60 « 2710

15. Doubling time:
A1) = Aye”

2000 = 1000”086
2= 60'086t

In2=0.086¢
In2

=
0.086
Amount in 30 years:

A =1000¢098003 - §13197.14

=8.06 yr

16. Annual rate:
A(t) = Aoe”
4000 = 20001
2= el5r
In2=15r
r= % =0.0462 = 4.62%
Amount in 30 years:
A(t) = Aoe”
A = 20001 2/15130)
= 200062 In2
=2000 » 22
= $8000
17. Initial dep()sit:
A(t) = Aoe”
2898.44 = Aoe(O‘OSZSX’?O)

2898.44

A() = W = $60000

Section 6.4

Doubling time:
A1) = Aye”

1200 = 600¢% 0325
2= e().()525t

In2=0.0525¢
_ In2
©0.0525

18. Annual rate:
A@t)=Aye”
10,405.37 =1200¢"?
104.0537 _ s,

=13.2 years

12
104.0537 _
12

30r

= L 10%0937 6 07227.00

n
30 12

In

Doubling time:
A1) = Aye”

2400 =1200e*07%
2= e().()727

In2=0.072¢
‘= In2

©0.072

19. (a) Annually:

2=1.0475"
In2=¢1In1.0475
In2

" In1.0475

=~9.63 years

=14.94 years

(b) Monthly:

12¢
2:(1+ 0.0475)

12
0.0475)

In2=12¢1n (1+
In 2

t=——F————
21 (1+0.0475)
12
(¢) Quarterly:
4t
2=(1+ 0.0475)
4

In2=4t1n1.011875

=~14.62 years

:71112 =~14.68 years
4In1.011875
(d) Continuously:
2 = 004751
In2=0.0475¢
t= In2 =14.59 years
0.0475

289
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20. (a) Annually:

2=1.0825"
In 2=¢ 1n 1.0825
In 2

" In 1.0825
(b) Monthly:

121
2:(1+0.0825)

=8.74 years

12

In2=12¢1In (1+O'0825)

12
t=

121n [1+ 0.0825

In 2 ) = §8.43 years

(¢) Quarterly:

2:(1+

In2=4¢1n1.020625
In2

T 41n1.020625

(d) Continuously:
2 = 00825

In2=0.0825¢
_ In2
"~ 0.0825

0.0825\"
4

= 8.49 years

= 8.40 years
21. Ll =-0.0077y
dt

ji dy=[-0.0077 dt

In y=-0.0077¢
,_Inar2)
~ -0.0077

dy

2. Yy
ar

=90 years

1
— dy= |k dt
L]
In y=kt
In (1/2) .
65
k=0.01067
23. (a) Since there are 48 half-hour doubling times in 24 hours,
there will be 248 ~2.8x10' bacteria.

(b) The bacteria reproduce fast enough that even if many
are destroyed there are still enough left to make the
person sick.

24. Using y = y,e", we have 10,000 = y,¢** and

40,000 _ ype™*
10,000y’

40,000 = y,e**. Hence which gives

e’ =4,0r k=1n 2. Solving 10,000 = y,e’™*, we have
¥o =1250. There were 1250 bacteria initially. We could

solve this more quickly by noticing that the population

25.

26.

27.

28.

29.

30.

increased by a factor of 4, i.e. doubled twice, in 2 hrs, so the
doubling time is 1 hr. Thus in 3 hrs the population would
have doubled 3 times, so the initial population was

10,000

1250,
0.9=e—0.18t
1n0.9=-0.18¢
__In 094 585 days
0.18
(a) Half-life =02 = 172 _ 138 6 days
k  0.005

(b)  0.05=¢ 0005
In 0.05=-0.005¢
_ In 0.05
~0.005
The sample will be useful for about 599 days.
Since y, = y(0) = 2, we have:

=599.15 days

y= 2¢M
5=2¢M%
In 5=1In 2+2k

~In5-In2

k =051n25

0.5In2.5)¢ 0.4581¢

Function: y =2e or y=2e
Since y, = y(0) =1.1, we have:
y=1.1e"
3=1.1eM
In3=In 1.1-3%

kzé(ln 1.1-1n 3)

(In 1.1-1n 3)/3 —0.3344¢

Function: y=1.1e ory=l1.le

. 3 .
Attime 7= . the amount remaining is

Yoe M = y,e*0 = y 73 = 0.0499y,,. This is less than 5%

of the original amount, which means that over 95% has
decayed already.

T-T,=(T,~T) ™

35-65=(T, - 65)e N1

50— 65 = (T, - 65)e” "

Dividing the first equation by the second, we have:
9= 0k

k=i1n2
10

Substituting back into the first equation, we have:
-30= (TO — 65)67[(1“ 2)/101(10)

1

-30=(T, -65)| =

-6}
—-60="T, 65

5=1T,

The beam’s initial temperature is 5°F.



31. (a) First, we find the value of k.
T—T,=(T,~T)e ™"
60—20=(90—20)e”

4

& 10k

7

k=—i In 4
10 7

When the soup cools to 35°, we have:

35-20=(90—- 20)6[(1/10) In @)t
15 = 70l/10) In @it

3 1 4
In—=|—1In— |t
14 10 7
10 In (13;)
t=——F—<%=27.53min
4
In|—
7]
It takes a total of about 27.53 minutes, which is an
additional 17.53 minutes after the first 10 minutes.
(b) Using the same value of k as in part (a), we have:
T—T,=(T,~T)e™
35— (15)=[90— (—15)]el(1“0) In @/t
50 = 105¢[(/10) In @Dl

10 1 4
In—=|—In— |t
21 10 7

10 ln(10

——2=13.26
4
In| =
7

It takes about 13.26 minutes

=

32. First, we find the value of k.

Taking “right now” as t=0, 60° above room temperature
means Ty — T; = 60. Thus, we have

T—T,=(T,~T)e "
70 = 6020
eZOk

>~ AN

1 7
—~ In<
20 6
(@) T-T =(T,~T) oK = 60 "120ITIOXIS) _ 53 45

It will be about 53.45°C above room temperature.
(b) T—T,=(T,-T)) oK = 60 ~20I(T6X120) _ 53 79
It will be about 23.79° above room temperature.
(© T-T,=(T,-T,)e™
10 = 601200 (7/6)):
1 1
In—=|-—1In 7 t
6 20 6
__201In(1/6)

In (7/6)
It will take about 232.47 min or 3.9 hr.

=~232.47 min
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33.(a) T-T, =79.47(0.932)’
(b) T=10+79.47(0.932)'

[0, 35] by [0, 90]

(c) Solving T=12 and using the exact values from the
regression equation, we obtaint = 52.5 sec.

(d) Substituting t=0 into the equation we found in part
(b), the temperature was approximately 89.47°C.

34. (a) Newton’s Law of Cooling predicts that the difference
between the probe temperature (7") and the surrounding
temperature (7;) is an exponential function of time,

but in this case 7y =0, so T is an exponential function of
time.

(b) T=79.96x0.9273'

[-0, 40] by [0, 86]
(c) At about 37 seconds.

(d) 76.96°C
35.Usek = In 2 (see Example 3).
5700
eM=0.445
—kt =1n 0.445
__ In 0.445 __ 5700 1n 0.445 ~ 6658 years
k In2
Crater Lake is about 6658 years old.
36. Use k = In 2 (see Example 3).
5700
@ e =017
—kt=1n 0.17
__ln 0.17 :_5700 In0.17 14,571 years
k In 2
The animal died about 14,571 years before A.D. 2000, in
12,571 B.C.
(b) e =018
—kt=1In 0.18
__ln 0.18 =_5700 In0.18 14,101 years
k In2
The animal died about 14,101 years before A.D. 2000, in
12,101 B.C.
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36. Continued

() eM=0.16
—kt=1n0.16
In0.16  57001n0.16
ko In 2
The animal died about 15,070 years before A.D. 2000, in
13,070 B.C.

=15,070 years

— e—kr

37.

~ W=

- 71“(15/3) =0.22

:e—kt
. In(112)
T 0.22

N | =

=3.15 years

38.3=¢"
In (3)
r=
10
4=er)‘
In@)
T 0.11

=0.11

=12.62 years

39. y= yoe_k[

800 = 1000e~ X1
0.8 = ¢ 10k
_In0.8
10
Att=10+14=24h:
y= 1000~ (~In0:8/10)24

— 1000624 M08 _ 585 4 ke

About 585.4 kg will remain.

40. 02=¢70"
n0.2=-0.1¢
r=-10 In 0.2=16.09 yr

It will take about 16.09 years.
dp
41.(a) — =k
(@) an P

@:kdh
p

dp _
jp jkdh

In|p|=kh+C
I riC

‘p‘:eCekh

p= Aet

Initial condition: p = p, when h =0
Py = Ae°

A= Po

Solution: p = poekh

Using the given altitude-pressure data, we
have Dy= 1013 millibars, so:

p=1013¢"

90 =1013¢*X20

90 :eZOk

1013

k=12 _ _0121km™
20 1013

Thus, we have p = 1013701211

(b) At 50 km, the pressure is

10137200 O01013))50) _ 5 3¢5 i,

(© 900=1013¢"
900 _ i
1013
oLy, 900 _201n(900/1013)
k 1013 1n(90/1013)

The pressure is 900 millibars at an altitude of about
0.977 km.

=0.977 km

42. By the Law of Exponential Change, y = 100e7%% Ate=1
hour, the amount remaining will be

100e7%%M <~ 54 88 grams.
43. (a) By the Law of Exponential Change, the solution is
V= Voe_(l/40)’.
(b) 0.1=¢ 40"

In 0.1=———
40

t=—40In0.1=92.1 sec
It will take about 92.1 seconds.

44. (a) A(r) = Age'

It grows by a factor of e each year.

(b)3=¢'
In3=t
It will take In3=1.1 yr.

(c) In one year your account grows from Ay to Age, so you
can earn Age— Ay, or (¢e—1) times your initial amount.
This represents an increase of about 172%.

45.(a) 90 =00
1In90 =100~
_1n90

"~ 100

=0.045 or 4.5%

(b) 131=¢N10
In131=100r
_1n131

~ 100

=0.049 or 4.9%



46. (a) 2y, = yOe”

2=¢"

In2=n
In2

t=—>-

r

(b)

[0, 0.1] by [0, 100]

(¢) n2=0.69, so the doubling time is which is almost

’
the same as the rules.

(d)?: 14 years or 75—2 =14.4 years

(€) 3y, =ype"

3=¢"
In3=n
In3
r=—
-
Since In3 = 1.099, a suitable rule is 1108 or E
r i
(We choose 108 instead of 110 because 108 has more

factors.)

47. False. The correct solution is \ y\ = ek+C_ which can be
written (with anew C) asy = ce™.

48. True. The differential equation is solved by an exponential
equation that can be written in any base. Note that

Ce? = c(3’“) when k =2/ (In3).

49.D. A(t)= A"

2=1e"
LY
7
PRI NP
0.099

1 tlr
50.C. A:Ao(z)

)1
1= 100()
2

In(.01) = %111(.5)
_ 199 In(.5) -30
In(.01)
51.D.
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52.E. T—68=(425-68)e™"
195 = 68 +357¢ 30

=127 356
357
k=93 _ g3y
-30
100 = 68+ 35700344
10068
" 7357
t=——"""2 =70min
-0.0344
70-30=40

53. (a) Since acceleration is %, we have Force = m% =—kv.

(b) From mﬂ =—kv we get ﬂ = —kv, which is the
dt dt m

differential equation for exponential growth modeled by
v=Ce %™ Sincev= v, at 1=0, it follows
that C=v,.

(c) In each case, we would solve 2 = e~*/m)t _If k is
constant, an increase in m would require an increase in t.
The object of larger mass takes longer to slow down.
Alternatively, one can consider the equation

% = —kv to see that v changes more slowly for larger
m
values of m.

54. (a) s()= Ivoe*(k/m)tdt — _%e*(k/m)r +C

Initial condition: s(0)=0

Vo
0=—"-+C
k
Y _
k
s(t) = _Me—(k/m)r + Vol
k k
_ Vo —(kimy
= (1 e )

(b) lims(r) = nm%@—e*k’mﬁ) _ YoM

P ko
55. % = coasting distance
(0.80X%49.90) 13
(9%
33

We know that M=1.32 and fzﬂ:@.
k m 33(49.9) 33

Using Equation 3, we have:
_ VoM, —(kimy

sty =" (1-¢7mr)
_ 1.32(1 _e—zoz/33)
- 1.32(1_ 64).60@)
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55. Continued
A graph of the model is shown superimposed on a graph
of the data.

[0, 4.7] by [0, 1.4]

Vo . .
56. 07 = coasting distance

(0.86)(30.84) ~0.97

k=27.343
s(t)= %(1_ = (kImry
S(l‘) — 097(1_ e—(27.343/30484)t)
5(1)=0.97(1— ¢ 088607

A graph of the model is shown superimposed on a graph
of the data.

[0, 3] by [0, 1]

57. (a) X 1)
()

X

10 2.5937

100 2.7048

1000 2.7169

10,000 27181

100,000 2.7183

e=2.7183

Graphical support:

1 X
y1:(1+x) s Y, =€

-

[0, 50] by [0, 4]
(b) r=2

2 X
X (1+)

X
10 6.1917
100 7.2446
1000 7.3743

10,000  7.3876
100,000  7.3889

e? =~7.389

Graphical support:

2 X
no(i#3) e

=

[0, 500] by [0, 10]

r=0.5
X (1+ 05)
X
10 1.6289
100 1.6467
1000 1.6485

10,000 1.6487
100,000 1.6487

"7 =~ 1.6487
Graphical support:

0.5Y"
(1402 e
X

[0, 101 by [0, 3]

(c) As we compound more times, the increment of time
between compounding approaches 0. Continuous
compounding is based on an instantaneous rate of
change which is a limit of average rates as the increment
in time approaches 0.

58. (a) To simplify calculations somewhat, we may write:
atr _ —at at
(1) = f mg e —e e
k eat +e—ateal
B % eZat -1
\ k41
_ fﬁ @ +1)-2
ko ei4
_ |ms 2
k |

The left side of the differential equation is:

L = € (22 +1)2 (262
dt k
=4ma /%@2“' +1)72(e2)

—4m fﬁ E(eza:+l)—2(ezar)
m\ k

B 4mge®™
(620t+1)2




58. Continued
The right side of the differential equation is:

mg 2 :
—?=mg—k| == || 1-
memi e ( k )( ez‘"+1)

2
2
=mg|1-|1-
gl: ( 6207+1J ]

B -1 4 4
=mg| - +ezar+1_(e2at+1)2

4 +1)-4
(e2ar + 1)2

at

_4mg é
- ( o2t 4 1)2
Since the left and right sides are equal, the differential
equation is satisfied.
mg e’ —e”

e +ed

And v(0) = =0, so the initial condition is

also satisfied.

ar __—at —at
(b) limv(r)=lim| ,[T8 € =€ . ¢
=00 =00 k o 4ot oat
_ ,2at
~ lim| |78 1=¢
PN k 1+e—2ar
_ |mg(1=0)_ |mg
k \1+0 k
The limiting velocity is , / %
1
© ,/%:,/ﬂzlm fi / sec
k 0.005

The limiting velocity is about 179 ft/sec,
or about 122 mi/hr.

Section 6.5 Logistic Growth (pp. 362-376)

Exploration 1 Exponential Growth Revisited
1. 100(2)'? = 409600

2. 100(2)"?2Y =4.97x10%°

3. No. This number is much larger than the estimated number
of atoms.

4. 500,000 =100(2)"
1025000 _ 1529 hours
log?2
Exploration 2 Learning From the
Differential Equation

1. @ will be close to zero when P is close to M.

2. P is half the value of M at its vertex.
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3. The graph begins a downward trend at half the carrying
capacity, causing a decline in growth rates.

4. When the initial population is less than M, the initial growth
rate is positive.

5. When the initial population is more than M, the initial
growth rate is negative.

6. When the initial population is equal to M, the growth rate is
at a maximum.

7. lim P(t) = M. lim P(t) depends only on M.
t—oo

t—>00

Quick Review 6.5
x+1

1. x-li x?
2

X —X

X
x—1

1

1
x+1+—
x—1

1
2. x2—4P
x*-4

4

4

1+
x*-4

1
3oxr+x-2 ix2+x+1
W+x-2
3

60
6. li =—=60
ng:of(X) 1+5 e(—O.lm)

7. lim f(x)= 60

— =0
X 1+5 010

60

DO S T

9. From problems 6 and 7, the two horizontal asymptotes are
y=0and y = 60.
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2x
7. x> —4)2x°
2x% —8x
8x
8x
x 2x+ dx
B
Section 6.5 Exercises u=x*-4
1. Ax—4)+B(x)=x—-12 du=2x dx
x=4, 4B=-8 x2+4-'.@:x2+41n u+C
B==2 2 u2 4
x=1, A0-H+=2)XDH=1-12 =x"+In(x"—-4)"+C
A=3 1
8. x2-9)x*-6
2. A(x=2)+B(x+3)=2x+16 . 5
x=2, BQ2+3)=2(2)+16 x-9
5B=20 3
B=4
1 d
x=-3, A(-3-2)=2(-3)+16 I P
~5A4=10 - A, B
A=-2 x+3 x-3

A(x=3)+B(x+3)=3

3. A(x+5)+B(x-2)=16—x x=3 B(3+3)=3

x=-5, B(-5-2)=16-(-5) B=1/2
~7B=21 x=-3, A(-3-3)=3
B=-3 A=-1/2
x=2,A2+5=16-2 +J-—1/2+ 1/2d
— X X
7‘;“__124 x+3 x-3
- x-3
=x+In |—=+C
4. A(x+3)+B(x—3)=3 x+3
x=-3, B(-3-3)=3
_6B=3 9. 2j jx]:2tan71x+c
+
B=-1/2 *
x=3,A3+3)=3 10. ZI de =2tan‘l(x)+c
6A=3 x“+9 3
A=1/2
T -
5. See problem 1. 2x"—5x-3
x—12 3 -2 A B _
(2 + =7
Jx2_4dX—J(x+x_4)dx 2x+1 x-3
=31n [x/-2 In (x=4)+C A =3+ BQx+D) =7
. x=3, B23)+1)=7
‘x‘ B=1
=In m +C x=-1/2, A(-1/2-3)=7
A=-2
6. See problem 2. J'( —2 +l)dx
2x+16 -2 4 2x+1 x-3
Jidxzj‘ + dx
P+x—6 x+3 x-2 B x-3 +C
=21In(x+3)+4In (x-2)+C T 2x+1

4
o [<x-2> ]+c
(x+3)°



12

13.

14.

1-3x
s
3x°=5x-3

A LB s

3x-2 x-1

Ax-1)+B@Bx—-2)=1-3x

x=1, B@BM1)-2)=1-3(1)
B=-2

x=2, aAl2o1]=1-92
3 3 3

Lo
3
A=3

J 3 +_2 dx
3x-2 x-1

=IGx-2)-2In(x-)+C
[3x—2)

=In > |+
(x=D

_[ 8x—7
2x*—x-3
A B
+
x+1 2x-3
ARx-3)+B(x+1)=8x-7

v=3 8(3)-s(3)-7
2 2 2
2p=s
2
B=2
x=-1, A2x-3)=8x-7
A(-2-3)=8-7
-5A=-15
A=3

(22 a
x+1 2x-3

=3In|x+1+In2x-3+C

=8x-7

=1In (\x+1\3\2x—3\)+c

j5x+14dx

X2 +7x
A

x x+7
A(x+T7)+Bx=5x+14
x=-7, —=71B=5(-7)+14
—-7B=-21
B=3
x=0, A(0+7)=5(0)+14
TA=14
A=2

J.(2+ 3 )dx

x x+7
=2Inx+3In(x+7)+C
:ln(xz‘x+7‘3)+c

=5x+14

15.

16.

17.

Section 6.5

2x-6
_[dy: '[xzx—2x dx

A B
—+
x x=2
A(x—2)+Bx=2x—-6
x=2, 2B=2(2)-6
2B=-2
B=-1
x=0,A(0-2)=2(0)-6
-2A=-6
A=3

J(3+ -1 )dx

x x=2
y=3In|x|-In|x-2/+C
x’ +C
x=2

Jdu '[x
A B
+
x+1 x-1
Ax-1)+B(x+1)=2
x=1, B(1+1)=2

2B=2

B=1

x=-1, A-1-1)=2
-2A=2

A=-1

_J(x+l P de

u=-In ‘x+1‘+ln‘x—1‘+C
1
+1

=2x-6

y=In

=2

=Iln—— i +C

2
F'(x)dx= dx
Jroa=J 57
é_ﬁ.i_}ri—z
x x+1 x-1
Ax+D)x-D)+Bx(x—D+Cx(x+1)=2
x=1, 2C=2

C=1

x=-1, 2B=2
B=1

x=0, —-A=2
=2

-2 1 1
—t+—+— |dx
x x+1 x-1
)=

“2Inx+In|x+1+Infx—1|+C

[
o

Fx)=ln|— |+C
X

297
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18. [G'(ydi=| tft3t dt

2
P—r)2s
28 =2t
2t
2
=2+ ar

£t

2
m+jﬁ_1

AG+D)+B(l—1)=2
t=—1, B(-1-1)=2
_2B=2

B=-1

t=1,  A(l+1)=2
24=2

A=1

dt

-1 1
G(t)—21+j(([_l)+(t+l))dt

=2t—In|r—1[+Inft+1+C
t+1

=2t+In +C

2x
19. sz ” dx

u=x*-4

du=2xdx

J%:lnu+C:1n‘x2—4‘+C

4x-3

20 [———2 ax
'[2x2—3x+l

u=2x*-3x+1
du=(4x-3)dx
j@=1nu+c

u
=ln‘2x2—3x+1‘+c

2 p—
21. j%’” dx

x“—x
1
xz—xix2+x—l
xt—x
2x—1
J(l+ zf_l)dx
x“—x
u=x>-x
du=Q2x—-1)dx

x+J.@:x+lnu+C
u

=xIn ‘xz—x‘+C

J(2x+ 22x )dx
x =1

2

u=x"-1
du=2x dx
du

u
=x’+Ilnu+C

:x2+ln‘x2—l‘+c
23. (a) 200 individuals.
(b) 100 individuals.

dP(100)
dt

2+

(o) =0.006(100)(200-100)

=60 individuals per year.
24. (a) 700 individuals.
(b) 350 individuals.

© @:0.0008(350)(700—350)

=98 individuals per year.
25. (a) 1200 individuals.

(b) 600 individuals.

(o) 4P(600) =0.0002(600)(1200-600)

=72 individuals per year.
26. (a) 5000 individuals.

(b) 2500 individuals.

dP(2500)

© dt

=107°(2500)(5000 — 2500)
=62.5 individuals per year.

27. dap =.006 P(200-P)
dt
J dpP

P(200-P)

A B
24 =1
P 200-P
A(200-P)+BP=1
P=200, 200B=1

= j.oos dt

B=0.005
P=0,A(200-0)=1
200A=1
A=0.005
J(o.oos+ 0.005 )dP=0.006t
P 200-P

jl+ L P
P 200—P

InP-In(200-P)=1.2t+C



27. Continued
ln(ZOO_P)=—1.2t—C
P

200 | _ 1o
P
200, o e
P
200 — g2
8
e =24
200
1424712
o i
7 A Yoy
. frr
LA ey,
1A L2}
£ A rrS
7 A rrs
~
[1, 7] by [0, 200]
dP
28. °-=0.0008 P(700-P)
dP
ji = jo.ooos dt
P(700— P)
A B
a4, =1
P 700—P

A(700—- P)+BP =1
P=700, 700B=1

B=0.0014
P=0, A(700-0) =1
A=0.0014
I 0.0014  0.0014 . so0gs
P 700-P

ji+ L lap=0s560
P 700-P

In P—In (700-P)=0.56t+C

m(m(:P): -0.56:—-C

700 .
S0 06t
P

700 .
TO0 | 4 061 =

@z [ 4 £70560) ,=¢
10
e ‘=69
700
1+69 ™0

Rt
Py

A

R N
NmmNNAY
RN

Ers
L£L
£L
R
&
-~
"

N,

s
x
A
e
7
=
=

[-1, 15] by [0, 700]

Section 6.5

dpP

29. _-=0.0002 P1200-P)

dP
JP(lTO—P) = jo.oooz dt

A B

+————=1
P 1200-P
A(1200-P)+BP =1
P=1200, 1200B=1

B =0.00083
P=0,A(1200-0)=1
1200 A=1
A=0.00083
J( 0.00083 0.00083) P = 0.00021
P 700 - P

j 1o U \apoooar
P 1200—P

In P-In (1200- P)=0.24t+C
In (mO_PJ =-0241-C
P
@_1 = 021
@: 14024 ,c

1200 = 140240 ¢
20
e ‘=59
1200
1459 7024

R )

Vo PP

i et

o

[-1, 30] by [0, 1200]
dpP

30. —=10"" P(5000- P)
dt

jdip =[107 ar
P(5000-P)
A B
—t—=1
P 5000-P
A(5000-P)+BP =1
P =5000, 50008 =1
B =0.0002
P=0, A(5000-0)=1
5000 A=1
A=0.0002
J( 0.0002 0.0002
P 5000-P

)dP:lO‘Sz

j R S P
P 5000—P

299
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30. Continued Initial condition: P(0)=6
In P~1n (5000~ P)=0.51+C 6= 10
5000 P 1+ Ae°
1n(P)=—0.5t—C 1+A=25
5000 o5 A=24
——1l=e e 150
Formula: P = — o
1+24e7%"
5000 051 ¢
(b) 100=———
5000 ~05(0) —c¢ 1 4240702251
——=1+e e
50 14 24702251 _ 3
e =99 2
~ 1
pe 500(305 24070225 :5
1+99 " 1
L o i o = -0225¢+ _ 1
s o T 48
PR el R el R
AV vy, —0.225¢=—1In 48
Yy A EEYry; In 48
RS ARt R = =~17.21 weeks
R e 0.225
T o A 15— 150
[1, 200] by [0, 5000] 5= 13 24002351
1000
31. (a) P([) = W 1+24640.225I =g
~ 1000 2402251 _ 1
- 1+ 48071 5
M /02251 _ B
= 120
I+ Al , ~0.225t=—1In 120
This is a logistic growth model with £ = 0.7 and n 120
M =1000. = 0225 ~21.28
(b) P(0)= 1000 ~8 It will take about 17.21 weeks to reach 100 guppies, and
1+¢*8 about 21.28 weeks to reach 125 guppies.
Initially there are 8 rabbits. dP
200 34. (a) — =0.0004P(250— P)
32.(a) P(1)= — d
fre =%l paso-p
_ 200 =507 F07P
T+ese =X p-p)
M M
Tt AeM Thus, k=0.1and M =250.
This is a logistic growth model with k= 1 and M = 200. po_M
200 1+ Ae ™
(b) P(O):iwzl 250
l+e™ = 1+ Ae-0r
Initially 1 student has the measles. L +ae .
dpP Initial condition: P(0)=28,where ¢ = 0 represents
33. (a) E =0.0015P(150-P) the year 1970.
250
22 _
_ 0225 5150 py 8= 00
150 e
k 281+ A)=250
=—P(M-P)
M A:ﬁ—o—lzgz7.9286
Thus, k=0.225and M =150. 28 14
= M Formula:P(t) = 20 or approximatel
1+ Ae™ ' rit1e g0 PP Y
150
(1) 250

14 A0 C147.9286¢ 701



34. Continued

(b) The population P(¢) will round to 250 when
P(t)>2249.5.
250

1+111e7 % /14

—0.1t
249,50 1+ 11 |95
14

(249.5¥111¢7%1)

249.5=

=0.5
14
—0.1t — 14
55,389
—0.1t=1In
55,389

t=10(In55,389-1In14) = 82.8

It will take about 83 years.

35. d—P=kP(M—P)
dt
IL:IM
P(M - P)
P M-P
RP+QO(M-P)=1
P=0,MO=1

36. (a) dap =k(M-P)
dt

Jdipz"‘kdt
M-P
“In(M-P)=ki+C
M-P=¢¢
e‘=A
P=M-Ae™"

) imP@)=M—-Ae* =M
1—o0

Section 6.5

(¢) When r=0.

(d) This curve has no inflection point. If the initial

301

population is greater than M, the curve is always
concave up and approaches y = M asymptotically from
above. If the initial population is smaller than M, the
curve is always concave down and approaches y =M
asymptotically from below.

37. (a) The regression equation is

_232739.9
1+14.582¢70101

4

[=5, 70] by [-24000, 260000]

232739.9
(b) P(e0) =————————————— =232,740 people.
1+14.582¢ 7101 peop
232739.9
(©Pp=—"221272
1+14.582¢70101
14.580,-0-101 _ 2327399
225,000
e 11 = 0024
=895 _ 60 0r 2010,
-0.101
dP 77
(d) o kP(M — P)=(4.352x1077)P(232739.9 — P).

38. (a)

(b) P(e0)=

(¢) P=

The regression equation is
_ 458791.8
1+18.771¢” !

458791.8
1+18.771e70113(=)

458791.8
1418771701
458791.8

450,000
0113 _ 0 001

| 687

~0.113

= 458,792

1877170113 =

=60 or 2010.

(d) i—f =kP(M — P)=(2.4626x 1077 )P(458791.8 - P)

39. False. It does look exponential, but it resembles the solution

to

‘2—1: = kP(100—10) = (90k)P.
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40. True. The graph will be a logistic curve with P—100=1200A¢ K112 _ ppoliki/12
th_)rgP(t) =100 and hm P(t)=0. P(1+Aellkt/12) — 12004 12 L 100
12004¢"%'* +100
600 = 11ke/12
41.D. 72300 1+ Ae
1200A¢” +100
Sdy(=) 09 (© 300=-—"C T8
42.B =09 1+ Ae

dt 1445¢70

300(1+A)=1200A+100
(1.0-09)100=10%

300-100=1200A-300A

53 200=900A
8.0 [ —=dx )
2 (x—1)x+2) A:5
A Poos () = 12002/9)e ™" +100
x—1 x+2 (n= L+ (2/9)! 12
A(x+2)+B(x-1)=3 11kt/12
x=-2, B(=2-1)=3 P(t)21200(2)€ +100(9)
_3B= 94 2! 1kt/12
311; = i1 300(8e' 2 3)
_ P()="""
x=1, A(1+2)=3 94 Dl k12
34=3 (@) [zzzzerrizinnl
A=1 CIEEr e

J' ! + -l dx
x—=1 x+2

S | coeogsajsofsofaeageayetpetieiies
=1n(x_lj =ln(8j [0, 75] by [0, 1500]
x+2), 3 Note that the slope field is given by
44.B. 4P _ 01 1500— PyP-100)
P dt 1200
45. (a) Note that k> 0 and M > 0, so the sign of E is the ) 621: —(M PYXP—m)
sameas the sign of (M— P)(P—m). For m < P < M, both Y AP
M- P and P— mare positive, so the product is positive. - =
For P < mor P> M, the expressions M — P and P —m (M = PYP—m) jt
have opposite signs, so the product is negative. M M—m ar =
M—m (M —-PYP—m) dt
(b)dlzi(M_P)(P_m) (P—m)+(M—P)dP _M-m
dt (M—-PYXP-m) dt M
4P _ _k_1200- PXP-100) 1 1 (P _M-m,
dt 1200 M-P P-m)dr M
1200 4P _, i Lo dP—jM_mkdt
(1200— PY P —100) dt M-P P-m M
1100 dap _11 —m
(1200 PXP—100) dr 12 ~In|M = P[+In|P—m|= ke +C
(P—100)+(1200-P) dP _ 11 " P-m M_mk c
(1200 PXP~100) dr 12 M_P T+
ot 1 jer_ 1l Pom _ ¢ t-mpum
1200-P P-100)dt 12 M-P
J'(1+ 1 Jdp: . Af; n;_A(Mm)kt/M
1200—-P P-100 12
P—m= (M- P)AeM-mkM

11
—1n\1200—P\+1n\P—100\=Ekz+c P14+ AR _ gpg kit |

In P-100 Ekt+C AMeM-mkid
1200-P| 12 P = At
P-100 — 4oCpl k12 _AMe0+m_AM+m
1200— P P0)= 0 =
1+ Ae 1+A
P-100 — A2

1200-P



45. Continued
©®  POYXI+A)=AM+m
A(P(0)—M)=m— P(0)
_m—=P) _ PO)-m
CP(0)-M  M-P(0)
Therefore, the solution to the differential equation is

B AMe(M—m)kt/M+m h A P(O)—m
- 1+ AeM-mkiiM where A=

M—-P©0)
46. (a) tan™! (x}rc
a a

) L9
2a |x—a

© ——+C
X+a

47. (a) 51n‘x+3‘+£+c
x+3

RN
x+3 2(x+3)°

48. (a) This is true since
A B C Ax=-D*+B(x-1D+C
+ P 3 3
=1 (x=-17 (x-1) (x=1)

® Ax—D>+B(x-1)+C=x>+3x+5
x=0, A-B+C=5
x=1, C=9
x=2, -2A+B=3
A=1
1-B+9=5
B=5
(©) 1n\x—1—i—%+c
-1 2(x-1)
Quick Quiz
1.C.

2.C.

AJ—E
(x—1D(x+3)
A B
+7
x—1 x+3
A(x+3)+B(x-1)=1
x=-3, —4B=1
B=-1/4
x=1, 4A=1
A=1/4

_[ 1/4+—1/4 dr
x—1 x+3

LM
4 |x+3

=1

Chapter 6 Review

d 5\ 10

1

—dt
P(lO P 150
A B

Pl0-p
A(10-P)+BP=1
P=10, 10B=1
B=0.1
P=0, 10A=1
A=0.1

J'E+ 0.1 a’P:iHC
P 10-P 50

10-P

N dP:P(IO—PJ

In

=-1/5t-C

10

- 147 ¥51,~C
10

PO=3= 1+ Ae”P®
A=233
10
P ® 1+2.33¢7 13

10
1+ Ae™©

A=5.66

(b) P(0)=20=

10
AP 1+5.66¢7)

(c) Separate the variables.

Y 5 10

2

lnYzi—t—+C
5 100
2
Y =Ce¥ M0 Ghere C =€
3=Ce"=C=3
Y= 3er/57z2/100
) 3015 3,115
(d) lim3e'/5"1%0 = Jim ¢ —lim—*¢ =
=300 =300 t2/100 =300 (et/S)t/ZO

Chapter 6 Review Exercises

13
1. _[: sec’ 6 dG:tanO]g/3

2 1 N I O R ’

2. Jl )c+x—2 dx = Ex —-Xx 1
1 1

(303
3.1
="+
2
_4_
2

= tan%—tan0=\/§

2
=2

303
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3. Letu=2x+1
du=2dx

1
—du=dx
2

1
JO (2x+l) e=ts] 7du

4. Let u=1-x>
du=-2xdx
—du=2xdx

[ 2xsin(1-x*)dx= [ sinudu=0
-1 0"

5. Letu=sinx

du = cosxdx

2 1
5sin¥? xcosx dx = -[0 5u™? du

1
-5 .gusn
5 0

=2(1-0)
=2
2
4 x“+3x 4
_[1/2 . dx= -[1/2 (x+3)dx(x#0)

! 4
= (xz + 3xJ:|
2 1/2
1 (1) 3
= (2(16) + 3(4))—[2(4)+2J
~20-(3+]
8 8

—20-12
8
_147

8
7. Letu=tanx

du = sec® xdx

P 1
2
-[0 ™ sec’ xdx = J.Oe“ du

8. Letu=Inr

du =ldr
r

Jle \/E dr= J.(:ullz du

r
1

_ zu,%/z
3 0

=201-0)

1 X
9, | ———dx
'[0 x*+5x+6
.
(x+3)x+2)
A B
-+ -
x+3 x+2
A(x+2)+B(x+3)=x
x=-2, B(2+3)=-2

B=-2
x=-3, A(=3+2)=-3
—A=-3
A=3
3 2
x+3 x+2
=In(x+3)° —In(x +2) ‘ —In (iig
22x+6
1. R
2x+6
x(x=3)
AL B o6
X X—

Ax—-3)+Bx=2x+6
x=3, 3B=2(3)+6

B=4
x=0, AO0-3)=20)+6
-3A=6
A==-2
J-2—2 4
— x
I x x-3

=-2Inx+4In(x-3) =612

11. Letu=2—-sinx
du=—cosxdx
—du=cosxdx

cosx
ji :—j du
2—sinx

—ln‘u‘+C
:—ln‘Z—sinx‘+C

)



12. Letu=3x+4
du=3dx

ldu=dx
3

&

w
(98]
=
j‘
i

—
= |
S
U
<

N =W = W

3
uhic
2

Gx+H?P+C

13. Letu=1>+5
du="2tdt

1
—du=tdt
2

Jztdt :l ldu:lln‘u‘+C
“+5 2°u 2

=lln‘t2+5‘+c
2

:1mw+®+c
2
1
14. Letu=—
0
1
du = —?de

1 1 1
Jﬁsecftanfdez —Jsec utan u du
) 0 0

=—-secu+C
1
=-sec—+C
0
15. Letu=Iny
1
du=—dy
y
1
deyzj.tanudu
y
:J-sinu du
cosu
Letw =cosu
dw =—sinudu
1
=—J—dw
w
=—ln‘w‘+C
=—1n‘cosu‘+C

= —ln‘cos(lny)‘+C

Chapter 6 Review

16. Letu=¢"
du=e"dx
J.ex sec(ex)dx=‘[sec udu
= ln‘sec u+tan u‘+C
+C

=In ‘sec (") +tan(e")

17. Let u=Inx

X
J dx _ ld
xInx u

=ln‘u‘+C
=ln‘lnx‘+C
dt dt
18. J‘ﬁ: t37
= [ ar
=2"C
:—i+C

Ji

305

19. Usetabular integration with f(x) = x’and glx)=cos x.

f(x) and its 2(x) and its
derivatives integrals
x . CO8 X
(+)
32 =) sin x
6x +) —C08 X
6 () —sin x
0 cos X
J 3
x”cosxdx

3 :
= x> sinx +3x2 cosx—6xsinx —6¢cosx+C

20. Letu=Inx dv=x"dx

du=ldx vzl)c5
X 5

1 1 1
J'x41nxdx=fx51nx—.[fx5 — |dx
5 5 X

1 1
=—x lnx—fJ'x4 dx
5 5
=lx51nx—ix5 +C
5 25
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PR . -5/2 5/2
21. Letu=e dv=sinxdx J( 5/5 + 5/ Sde
du=3e*dx v=—cosx o x-
3x : 3x 3x 5 x=5
Je sinxdx =—e cosx+I3cosxe dx =—In +C

2 |x+5
Integrate by parts again
Leti:3e3};p gdvzcosxdx 24. Jﬂd)‘
2x2+x-1
du=9¢> dx v=sinx S5x+2
Je3x sinxdx = —e> cosx +3¢>* sinx—J9e3X sinx dx ,gzx_ D(x+1D)
L= —5x42
10J.e3xsinxdx=—e3xcosx+363"sinx+C 2x—1 x+1

. 1 .
J.e3)‘ sinxdx = B[—e“ cosx+3e* sinx]+C

3sinx cosx !
( _eosx) o

10 10
22. Let u=x> dv=edx
du=2xdx vz—%ef‘gx

_[ e dx=— 1 e 4 2 I e xdx
3 3

Let u=x dv=e*dx
du=dx v=—l -3
1 32 1 1 2.
=——x% P+ —fxe73x+fj’ef3xdx
3 31 3 3
= —lxze_“ - zxe_&” +z'fe_3x dx
3 9 9
1
=——x% —gxe_h —ie_3x+C
3 9 27
2
= _L_Zi_i _3X+C
3 9 27
25
23. dx
sz—zs
25
(x+5)(x-95)
A + B =25
x+5 x-5
A(x—5)+B(x+5)=25
x=5, B(5+5)=25
10B=25
B=5/2
x=-5, A(-5-5)=25
—-10A=25

A=-5/2

A(x+1)+BQRx—1)=5x+2

x=-1, BQ(-D)=1)=5(-1)+2
—-3B=-3
B=1

b (L))
2 2 2
3422
2772
A=3

J 3 + ! dx
2x—1 x+1
= %ln‘(Zx— D3 (x+ 1)3‘+c

2
Q=1+x+x—
dx 2

2
dy:(1+x+x2 dx

2
X
dy=[[1+x+—|d.
Jare 100 Jo
y=x+lx2+lx3+C
2 6
y0)=C=1
32
y=—+—+x+1
6 2

Graphical support:

LAY
AN
e

e

P R R

AN
[RCRTNCNEN O

T

o T T P S e e

T
A R
’L-J L

o
e
ik
w
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2
26. Q: x+l y=—lcsc29+C
dx X 2
’ y(ﬂJ=—+C=1
dy=(x+) dx 4
. 3
c==2
1Y 2
Idy: (x+x) dx y=——csc20+—
2 1 } o - -
y= X +2+72 dx s e =i
. | o s
IO EEEEEERR
y—gx +2x—x +C Z=oZonaf
1 = e -
y(l):§+2—1+C:1 [0, 1.57] by [-5, 3]
4 ’
ERA 20, 400 5, 1
1 dx X
C=—— |
33 d(y/)=(2x—2)dx
X 1 1 X
y=—+2x———— |
3 x 3 )= ]| 2x-= |ax
Graphical support: 2
s~ j/“f yI=x2+x—l+C
Z feaa y(h=2+C=1
S Cc=-1
e
4 e J‘dy:J.(x2+x*1_])dx
[-2. 2] by [-10, 10] 1
y=fx3+lnx—x+C
dy 1 3
27, —=— X
i r+4 y(1)=§+0—1+C=0
dy:idt
t+4 2
1 -=+C=0
Jar=] 7 3
t+4 >
y=In[r+4/+C C=§
y(=3)=In()+C=2 jE 5
C=2 y=73Hhx—xt s
y=In(t+4)+2 .
Graphical Support: Graphical support:

3

X 2

Let =—+Inx—x+—.
f@)=—+Inx-x+2

Wefirstshow thegraphof y= f/(x)=x>+x"' =1, x>0,

AR ER) RS
RIS LN

1
along withtheslopefieldfory’ = f”(x)=2x-—.
x

—
R

R Y
AR ARRE SRR

[-4.5, 5] by [-2, 5]

28. ﬂ =csc26cot26
do

dy=csc26cot20d6
de = jcsc2900t20d9 [-0.5, 4.21] by [-
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29. Continued dy
We now show the graph of y = f (x) along with the slope field 31 dx =y+2
fory = f/(x)=x+x"'-1.
i = dx
- y+2
< J2=fas
x In|y+2=x+C
~ y +2= Cex
[-0.5, 4.21] y=Ce* -2
d(r”) ~ y(()) =C-2=2
30. P cost C=4
d(r"y=—costdt y=4de' -2
jd(r”) = f—costdt Graphical support:

r” =—sint+C
r"(0)=C=-1
r” =—sint—1

jd(#): J.(—sint—l)dt
r' =cost—t+C

}
!
{
!
!
]
s
-

r0)=1+C=-1 [-5. 51 by [-5, 20]
C=-2 &y
r’=cost—t-2 32. a=(2x+1)(y+l)

Idr:f(cost—t—Z)dt dy

2 o =QxeDax
r=sint—5—2t+C y(;;
r0)=C=-1 JTH = [@x+1ax
’ 2
r=sint—%—2t—1 ]n‘y+1‘:x +x+C
—_ X2+X
Graphical support: y+1=Ce
— C X2+X —l
We first show the graph of y=r"=—sinr—1 ly:Ce o
along with the slope field for y"=r""=—cost. X 3;2 -
N R 2,
NS i y=2¢""-1
NTrr=NN= .
T e Graphical support:
W =N~
W
N el
o e N

[-6. 4] by [-3, 3]
Next, we show the graph of y=r"=cosr—t-2
along with the slope field fory’ =r" =—sint—1.

N
!
)
)
b
4
]

-
N,

YAYIZIE iR (-3, 3] by [-10, 40]
RS R R TR
G ety 1 dy
B RN 3. ==y
IR St | R
\\\a—m}“\m d
e % Y &
[—6, 4] by [-3,3] y(d-y)
) A B
) .t —t——=1
Finally we show the graphofy=r=s1nt—5—2t—l y 1=y
A(l-y)+By=1
along with the slope field fory” =r"=cost—r—2. y(—l Y) 1)3)_1
y=0, A=1

[-6, 4] by [-8, 2]



33. Continued

34. L]
dx

1
y
J +—dy Jdt
lny 1n\1 y=t+C
=Y
y

1- P
y:etec

y

=—t-C

——l=¢e "

y
1

B 1+ Ae”!
1
y(0)=0.1=
1+ Ae™!
A=9
1
1+9¢%!

=0.001y (100 - )

_dy
0.001y (100 —y)
A B
+ =1
0.001y 100—-y
A(100—-y)+ B(0.001y)=1

y=100, B(l)=1
B=10

y=0, 1004 =1
A=0.01

[ 001 10 ), .
0.001y 100-y

j 0001 | 1 Jgy=01x+C
0.001y 100-y

Iny—In[100—y =0.1x+C
100-y
y
100, _ 01x,c

1=
y

Inj————=-0.1x-C

100

T 14 Ae0l®
100
y=5= 1+ Ae 1O
A=19
100

14190701

3s. y:j:sin3rdz+5

36. y:_flx 1+7* dr+2
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39. Graph (b).
40. Graph (d).
41. Graph (c).
42. Graph (a).

43.
d d
(x,y) —y=x+y—l Ax Ay:lM (x+Ax, y+ Ay)
dx dx
(1,1) 1.0 0.1 0.1 (1.1, 1.1)
(1.1, 1.1) 1.2 0.1 0.12 (1.2,1.22)
(12,1.22) 1.42 0.1 0.142 (13, 1.362)
y=1362
44.
d d
(xy) l:x—y Ax Ay=lm (x+Ax, y+Ay)
dx dx
(1,2) -1.0 -0.1 0.1 0.9,2.1)
0.9,2.1) -1.2 -0.1 0.12 (0.8, 2.22)
(0.8,2.22) -1.42 -0.1 0.142 (0.7,2.362)
y=2362

. ... sinx
45. We seek the graph of a function whose derivative is
X

.. . sinx . .
Graph (b) is increasing on [-m, 7], where is positive,

and oscillates slightly outside of this interval. This is the
correct choice, and this can be verified by graphing NINT

(smx x, 0 x)
X
2

46. We seek the graph of a function whose derivative is e~+“.

Since e~+2 > 0 for all x, the desired graph is increasing for
all x. Thus, the only possibility is graph (d), and we may
verify that this is correct by graphing NINT (e-+2, x, 0, x).
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It took a total of about 107 minutes to cool from 220°F to
70°F. Therefore, the time to cool from 180°F to 70°F was

47. (iv) The given graph looks the graph of y = x2, which

satisfies L) =2xand y(1)=1.
dx
48. Yes, y = xis a solution.
49. (a) ﬂz 246t
dt

jdv = j(2+6t) dt

53.

about 92 minutes.

T—T,=(T,=T)e™

We have the system:
39-T, =(46—T)e '
33-T,=(46-T,)e "

v=2t+3t2+C Thus, 39-T, —10719% 4nd 33-T, — 20k
Initial condition: v=4 when t =0 46T, 46T,
4=0+C Since (efl()k)2 =¢ 2% this means:

4=C

v=2t+3t>+4

(b) J.(jv(t) dt = J(:(Zz +32+4) dt

39-T, ) 33-T,

46T, ) 46T,

(39-T,) =(33-T,)(46-T,)
1521-78T, +T> =1518 79T, + T

1
_[2.3
—[t +t +4t]o T =-3
=6-0 The refrigerator temperature was —3°C.
=6
The particle moves 6 m. 54. Use the method of Example 3 in Section 6.4.
e=0.995
—kt =1n 0.995
t= —lln 0.995=— 5700 In0.995=41.2
k In2
The painting is about 41.2 years old.

5S.

Use the method of Example 3 in Section 6.4.
Since 90% of the carbon-14 has decayed, 10% remains.

51. (a) Halflife = lnTZ e =01
2 —kt =1n 0.1
2.645=—~ =110 0122279 0.1~18,935
n2 k In2
k= 2645 =0.262059 The charcoal sample is about 18.935 years old.
1 56. Use t =1988—-1924 = 64 years.
(b) Meanlifez;:3.81593years 250" = 7500
5 3 u " =30
- T-T, =Ty -T)e rt=1n 30
T—40=(220-40)e ,=mn30_In30 o os
Use the fact that 7=180 and 7 =15 to find £. t 64

180—40 = (220 - 40)e” X1

The rate of appreciation is about 0.053, or 5.3%.

oI5k = 180 _ 9 57. Using the Law of Exponential Change in Section 6.4 with
140 7 appropriate changes of variables, the solution to the
k= 1 In 9 differential equation is L(x) = Lye-kv, where L, = L(0) is
15 7 the surface intensity. We know 0.5 = e-18k, so

T — 40 = (220 — 40)e~ (15O
70— 40 = (220 — 40)e~ V19O
L1 IO _ 180 —6

In0.5

k= and our equation becomes

x/18
1
L 30 L(x)=Lye™ " = (2) . We now find the depth
(b_ln 7)1 =In6 where the intensity is one-tenth of the surface value.
15In6

=~ 107 min

=
In(9/7)



57. Continued

x/18
0.1:(1)
2
n0.1="In| L
18 |2

x:181n0'1:59.8ﬁ

In0.5

You can work without artificial light to a depth of about
59.8 feet.

dy kA
58. (a) d—f = =)
[ e
c—y %

—ln‘c—y‘szAt+C

ln‘c—y‘:—%t—C

=y = e W€
c—y= ief(kA/V)*C
y=c ke HAVIC
y=c+ De*(kA/V)I
Initial condition y = y, when t =0
Yo=c+D
Yo—C= D
Solution: y=c+(y, - c)e AV
(b) }Lm )= }Lm[c+ (o — c)e I = ¢
150 150
59. (a) p(t)= = =
14+e*7 14e*%e™

- M

Thisis p= P— where M =150, A:e4'3, andk=1.
1+ Ae™

Therefore, it is a solution of the logistic differential

equation.
D _ K pr—pyor P L paso-py. The
dt M dt 150

carrying capacity is 150.

150

b) P(0)= ~
(b) PO)==0

2

Initially there were 2 infected students.

150

=125
+ 64.3—1

(o)
1

921_‘_64‘3—1
5
12843—:
5
—In5=43-1¢
t=43+In5=5.9 days.

It took about 6 days.
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60. Use the Fundamental Theorem of Calculus.

,_d(x. o d (3

V' = E(J.o sint dt)+a(x +x+ 2)

= (sinx?)+(3x% +1)
Yy’ = i(sinx2 +3x2+1)

dx

= (cosxz)(Zx) +6x

=2x cos(x2) +6x
Thus, the differential equation is satisfied. Verify the initial
conditions:

y'(0) = (sin0?)+3(0)> +1=1
0
¥(O)= [ 'sin(?) dr +07+0+2=2
61. 4P _ o o02p[1-L-
dt 800
4P _ o.002p| 20-F
dr 800
800
P(800— P)
800-P)+P
P(800—P)

j(;+ 8001_PJdP = jo.ooz dt

dP =0.002dt

dP =0.002dt

In|P|-1n[800 - P|=0.002¢ +C
In P =0.002t+C
800—-P
nSO=P_ 6 002—C
P
800- P _ 0.0021-C
P
800-P _ +pC 00021
P
800 1= Ag00021
P
_ 800
- 1+ Ae 00021
Initial condition: P(0)=50
50= 800 .
1+ Ae
1+A=16
A=15
Solution: P = 800

1415670002
62. Method 1-Compare graph of y, = x% In x with

3 3
1
rnx ng The graphs should be the same.

y, = NDER[

Method 2-Compare graph of y, = NINT(x? In x)

3 3
X % The graphs should be the same or

with y, =

differ only by a vertical translation.
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63. (a) 20,000 =10,000(1.063)"

2=1.063
In2=¢In1.063
_ In2
~ In1.063
It will take about 11.3 years.

=11.345

(b) 20,000 = 10,000¢%%%%
7 = 0063

In2=0.063t

t= In2 =11.002
0.063

It will take about 11.0 years.

64. (a) f'(x)= %I;u(t) dt = u(x)
gn= % [, u@ dr=uco
(b) C=f(x)—gx)
= J;u(t) dt— J;u(t) dt
= | ut) dr+jju(z) dt
= [Cutey ar

272286.4

65. (a) The regression equationisy=—————,
£ d Y 302,690 02

The graph is shown below.

272286.4
(b) y(e0) = =272,286 people.
T 14302.69¢ 02095 peop
dp -7
(c) ar =7.694x107" P(272286.4—-P)

(d) The carrying capacity drops to 267,312.6, which is
below the actual 2003 population. The logistic
regression is strongly affected by points at the extremes
of the data, especially when there are so few data points
being used. While the fit may be more dramatic for a
small data set, the equation is not as reliable.

66. (a) T=79.961(0.9273)"

Al

[-1, 33] by [-5, 90]

(b) Solving T'(t) = 40 graphically, we obtain 7 =9.2sec.
The temperature will reach 40° after about 9.2 seconds.

(c) When the probe was removed, the temperature was
about 7(0) = 79.76°C.

67. (a) % of the town has heard the rumor when it is spreading

the fastest.

(b) J'det
1.2y(1-y)
A B
_ =
1.2y 1-y
A(l-y)+12yB=1

y=1,B=0.83
y=0,A=1

1 .
| 08 e
1.2y 1-y
l—y_

In =-12t-C
1.2y

1.2y

1- 121 —
y:el.ZteC

1
1+ Ae "

Y= 1+ Ae 2@
A=9

y

1

T

1 1
¢) - =—
© 2 1497

Solve for ¢ to obtain
. 5In3

=1.83 days.

68. (a) % = k(600 — P). Separate the variables to obtain

P
600 P
-
P-600
In|P - 600|=—kt +C,
P-600=Ce™

200-600 = Ce’ = C =-400
P —600 =—400e7"
P(t) = 600 — 400"

(b) 500 =600 —400¢* 2
/4=
k=In2~0.693

(¢) lim(600 —400¢™"") = 600

t—0c0



